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^-EQUIVARIANT BORDISM, 

INVARIANT METRICS OF POSITIVE SCALAR CURVATURE, 
AND RIGIDITY OF ELLIPTIC GENERA 

MICHAEL WIEMELER 


Abstract. We construct geometric generators of the effective S'^equivariant 
Spin- (and oriented) bordism groups with two inverted. We apply this con¬ 
struction to the question of which S * 1 -manifolds admit invariant metrics of 
positive scalar curvature. 

As a further application of our results we give a new proof of the vanishing 
of the A-genus of a spin manifold with non-trivial S 1 -action originally proven 
by Atiyah and Hirzebruch. Moreover, based on our computations we can give 
a bordism-theoretic proof for the rigidity of elliptic genera originally proven 
by Taubes and Bott-Taubes. 


1. Introduction 

The problem of determining generators of S ^equivariant bordism rings dates 
back to the 1970s. There first results were obtained by Uchida [34], Ossa [25] . 
Kosniowski and Yahia [20] and Hattori and Taniguchi M- Most of these papers 
deal with oriented or unitary bordism. Moreover they construct additive generators. 

Using these generators bordism-theoretic proofs of the Kosniowski formula and 
the Atiyah-Singer formula have been given m, m The Kosniowski formula 
expresses the T y -genus of a unitary S' 1 -manifold in terms of fixed point data [19]. 
The Atiyah-Singer formula expresses the signature of an oriented S ,1 -manifold in 
terms of the signatures of the fixed point components [T|. They have originally 
been proved using the Atiyah-Singer G-signature theorem. 

More recently the problem of finding multiplicative generators for unitary bor¬ 
dism was studied by Sinha m- 

Semi-free S' 1 -equivariant Spin-bordism has previously been considered by Borsari 
g] . Her motivation was a question of Witten, who asked if the equivariant indices 
of certain twisted Dirac operators are constants and suggested to approach this 
question via equivariant bordism theory [3H[ pp. 258-259]. The indices of these 
twisted Dirac operators are coefficients in the Laurent expansion of the universal 
elliptic genus in the A-cusp. Therefore a positive answer to Witten’s question is 
implied by the rigidity of elliptic genera which was proven by Taubes 135] and 
Bott-Taubes [5]. However, contrary to what Witten suggested their proof was not 
based on equivariant boordism theory but instead used equivariant K-theory, the 
Lefschetz fixed point formula and some complex analysis. Later an alternative proof 
was given by Liu [22] using modularity properties of the universal elliptic genus. 

It seems that after their proofs appeared nobody carried out the bordism the¬ 
oretic approach to the rigidity problem. We pick up this problem and prove the 
rigidity of elliptic genera via equivariant bordism theory, thus realizing Witten’s 
original plan. Moreover, we give a bordism-theoretic proof for the vanishing of the 
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A-genus of a Spin-manifold which admits a non-trivial smooth S' 1 -action originally 
proved by Atiyah and Hirzebruch [2]. 

This classical result follows from general existence results for SMnvariant met¬ 
rics of positive scalar curvature (see Theorem II. 51 and Theorem 1 1.61) . Up to a power 
of 2 these results are conclusive, thus finishing a line of thought begun in [3] and 
continued in Em, ns, m\- We remark that the Atiyah-Hirzebrucli vanishing the¬ 
orem mentioned before and the existence of S' 1 -invariant metrics of positive scalar 
curvature have not been considered as related subjects, so far. 

These proofs are based on a construction of additive generators of the S 1 - 
equivariant Spin- and oriented bordism groups. These generators are described 
in the following theorem. To state it we first have to fix some notations. 

Let G = SO or G = Spin. Denote by the bordism group of n-dimensional 

manifolds with effective 5' 1 -actions and G-structures on their tangent bundles. In 
the non-spin case we also assume that the closed strata, i.e. the submanifolds of 

H-fixed points M H for any subgroup H C S 1 , of our S' 1 -manifolds are orientable. 

G S i . i . . . 

Moreover, denote by n similar groups of those S' -manifolds which satisfy 

the above conditions and do not have fixed point components of codimension two. 
We also assume in this case that the bordisms between the manifolds do not have 
codimension-two fixed point components. 

We also need the notion of a generalized Bott manifold. A generalized Bott 
manifold M is a manifold of the following type: There exists a sequence of fibrations 

M = Ni —> Ni -1 N\ —»• No = {pt }, 

such that No is a point and each N t is the projectivization of a Whitney sum of 
rii + 1 complex line bundles over W-i ■ Then M has dimension 2 n = 2 Xa=i 
and admits an effective action of an n-dimensional torus T which has a fixed point. 
Hence it is a so-called torus manifold (for details on the construction of this torus 
action see Section [2]). 

Theorem 1.1. 12* [A] and !2>4 * [4] are generated as modules over 12* [^] by 

manifolds of the following two types: 

(1) Semi-free S 1 -manifolds, i.e. S 1 -manifolds M, such that all orbits in M are 
free orbits or fixed points. 

(2) Generalized Bott manifolds M, equipped with a restricted S 1 -action. 

The proof of this result is based on techniques first used by Kosniowski and 
Yahia [20] in combination with a result of Saihi [25] . 

Using the above result, we can give a bordism-theoretic proof of the rigidity of 
elliptic genera. This gives the following theorem: 

Theorem 1.2 ([S])- Let H**(BS 1 ,C) = C[[z]] be an equivariant 

elliptic genus. Then i p(M) is constant, as a power series in z, for every effective 
S 1 -manifold [M] € . 

The idea of our proof of this theorem is as follows. By Theorem 1 1.1 1 one only has 
to prove the rigidity of elliptic genera for semi-free S' 1 -manifolds and generalized 
Bott manifolds. For semi-free S’ 1 -manifolds this was done by Ochanine [23] , His 
proof can be modified in such a way that it gives the rigidity of T-equivariant 
elliptic genera of effective T-manifolds M such that all fixed point components have 
minimal codimension 2dimT. Here T denotes a torus. This minimality condition 
is satisfied for torus manifolds and therefore also for generalized Bott manifolds. 
So the theorem follows. 

We also apply Theorem 11.11 to the question of which S' 1 -manifolds admit in¬ 
variant metrics of positive scalar curvature. It is necessary for this application to 
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consider the bordism groups n because the bordism principle which we will 
prove to attack this question only works for bordisms which do not have fixed point 
components of codimension two. 

The existence question in the non-equivariant setting was finally answered by 
Gromov and Lawson m for high dimensional simply connected manifolds which 
do not admit spin structures and by Stolz |32j for high dimensional simply connected 
manifolds which admit such a structure. 

Their results are summarized by the following theorem. 

Theorem 1.3. Let M be a simply connected closed manifold of dimension at least 
five. Then the following holds: 

(1) If M does not admit a spin-structure, then M admits a metric of positive 
scalar curvature. 

(2) If M admits a spin-structure, then M admits a metric of positive scalar 
curvature if and only if a(M) = 0. 

In the above theorem a(M) denotes the a-invariant of M. It is a KO-theoretic 
refinement of the A-genus of M and an invariant of the spin-bordism type of M . 

The proof of this theorem consists of two steps; one is geometric, the other is 
topological. The geometric step is to show that a manifold M which is constructed 
from another manifold N by surgery in codimension at least 3 admits a metric of 
positive scalar curvature if N admits such a metric. This is the so-called surgery 
principle. It has been shown independently by Gromov- Lawson [12| and Schoen 
Yau [59]. 

From this principle it follows that a manifold of dimension at least five admits a 
metric of positive scalar curvature if and only if its class in a certain bordism group 
can be represented by a manifold with such a metric. This is called the bordism 
principle. 

The final step in the proof of the above theorem is then to find all bordism 
classes which can be represented by manifolds which admit a metric of positive 
scalar curvature. 

The answer to the existence question in the equivariant setting is less clear. 

First of all, the question if there exists an invariant metric of positive scalar 
curvature on a G-manifold, G a compact Lie group acting effectively, has been 
answered positively by Lawson and Yau m for the case that the identity component 
of G is non-abelian. The proof of this result does not use bordism theory or surgery. 
It is based on the fact that a homogeneous G-space admits an invariant metric of 
positive scalar curvature, which is induced from an bi-invariant metric on G. 

If the identity component of G is abelian, then the answer to this question is 
more complicated. In this case the existence question was first studied by Berard 
Bergery [3]. 

He gave examples of simply connected manifolds with a non-trivial S^-action 
which admit metrics of positive scalar curvature, but no .S' 1 -invariant such metric. 
There are also examples of manifolds which admit ^-actions, but no metric of 
positive scalar curvature. Such examples are given by certain homotopy spheres 
not bounding spin manifolds [B], [50] , [T5] . 

Berard Bergery also showed that the proofs of the surgery principle carry over 
to the equivariant setting for actions of any compact Lie group G. Based on this 
several authors have tried to adopt the proof of Theorem 11.31 to the equivariant 
situation. 

At first a bordism principle has been proposed by Rosenberg and Weinberger m 
for finite cyclic groups G and actions without fixed point components of codimension 
two. The proof of this theorem is potentially problematic, because its proof needs 
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more assumptions than those which are stated in the theorem (see the discussion 
following Corollary 16 in m- Based on Rosenberg’s and Weinberger’s theorem 
Farsi [9] studied Spin-manifolds of dimension less than eight with actions of cyclic 
groups of odd order. 

Later Hanke [T3j proved a bordism principle for actions of any compact Lie 
group G which also takes codimension-two singular strata into account. He used 
this result to prove the existence of invariant metrics of positive scalar curvature on 
certain non-spin S' 1 -manifolds which do not have fixed points and satisfy Condition 
C (see Definition 12. 111 . 

In }35] the author showed that every S' 1 -manifold with a fixed point component 
of codimension two admits an invariant metric of positive scalar curvature. In that 
paper existence results for invariant metrics of positive scalar curvature on serni- 
free S' 1 -manifolds without fixed point components of codimension two were also 
discussed. 

Here we extend the results from that paper to certain non-semi-free S^manifolds. 
We prove the following existence results for metrics of positive scalar curvature on 
non-semi-free S^manifolds. 

Theorem 1.4. Let M be a connected effective S^-manifold of dimension at least 
six such that iri(M max ) = 0, M max is not Spin and for all subgroups H C S 1 , M H 
is orientable. Then for some k > 0, the equivariant connected sum of 2 k copies of 
M admits an invariant metric of positive scalar curvature. Here M max denotes the 
maximal stratum of M , i.e. the union of the principal orbits. 

Here a equivariant connected sum of two S^-manifolds Mi, M -2 can be a fiber 
connected sum at principal orbits, a connected sum at fixed points or more generally 
the result of a zero-dimensional equivariant surgery on orbits 0; C Mi, i = 1,2. 

Now we turn to a similar result in the case that M is a spin manifold. For this 
we first note that on spin manifolds there are two types of actions. Those which lift 
to actions on the spin-structure and those which do not lift to the spin-structure. 
The actions of the first type are called actions of even type. Whereas the actions 
of the second kind are called actions of odd type. 

Theorem 1.5. Let M be a spin S 1 -manifold with dimM > 6, an effective S 1 -action 
of odd type and 7Ti (M max ) = 0. Then there is a k £ N such that the equivariant 
connected sum of 2 k copies of M admits an invariant metric of positive scalar 
curvature. 

Theorem 1.6. There is an equivariant bordism invariant Ag i with values in Z[i], 
such that, for a spin S 1 -manifold M with dimM > 6, an effective S 1 -action of 
even type and TTi(M max ) = 0, the following conditions are equivalent: 

(1) Agi(M) = 0. 

(2) There is a k £ N such that the equivariant connected sum of 2 k copies of 
M admits an invariant metric of positive scalar curvature. 

For free S' 1 -manifolds M, Agi (M) is equal to the /1-genus of the orbit space of 
M. If the action on M is semi-free, then it coincides with a generalized A-genus of 
the orbit space defined by Lott [23]. In general we can identify Ag\ with the index 
of a Dirac-operator defined on a submanifold with boundary of M max / S 1 . 

Agi(M) can only be non-trivial if the dimension of M is 4fc + 1. Moreover, 
the usual A-genus of M is zero in these dimensions. It also vanishes, if M admits 
a metric of positive scalar curvature. Therefore Theorems 11.51 and 11.61 imply the 
following theorem which has originally been proved by Atiyah and Hirzebruch [2] 
using the Lefschetz fixed point formula and some complex analysis. 
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Theorem 1.7. Let M be a Spin-manifold with a non-trivial S 1 -action. Then 

A(M) = 0 . 

The proofs of the above results are based on a generalization (Theorem 15.91) 
of the bordism principle proved by Hanke [13] to .S^-manifolds with fixed points. 
When this is established the theorems follow from the fact that our generators of 
the second type of [5] admit invariant metrics of positive scalar curvature and 
the existence results from [35] for semi-free S' 1 -manifolds. 

This paper is organized as follows. In Sections [2] and [3] we prove Theorem 11.11 
for manifolds satisfying Condition C. Then in Section 0] we generalize these results 
to manifolds not satisfying Condition C. This completes the proof of Theorem ll.il 

Then we turn to the existence question for invariant metrics of positive scalar 
curvature on S'-manifolds. In Section [5] we generalize the bordism principle of 
Hanke jT3] to S^-manifolds with fixed points. Then in Section[6]we show that, under 
mild assumptions on the isotropy groups of the codinrension-two singular strata, 
normally symmetric metrics are dense in all invariant metrics on an S' 1 -manifold 
with respect to the C-topology. Here normally symmetric metrics are metrics 
which are invariant under certain extra ^-symmetries which are defined on small 
neighborhoods of the codinrension-two singular strata. In Section [3 we introduce 
our obstruction Agi to invariant metrics of positive scalar curvature on spin S - 
manifolds with actions of even type. Then in Section [5] we complete the proof of our 
existence results for metrics of positive scalar curvature on S' 1 -manifolds. Moreover, 
we give a new proof of the above mentioned result of Atiyah and Hirzebruch using 
our results. 

In the last Section M we give a proof of the rigidity of elliptic genera based on 
our Theorem o 

I would like to thank Bernhard Hanke and Anand Dessai for helpful discussions 
on the subject of this paper. 

2. Non-semi-free actions on non-spin manifolds 

In this section we prove a version of Theorem 1 1.1 1 for the S^-equivariant oriented 
bordism groups of manifolds which satisfy Condition C. At first we recall Condition 
C. 

Definition 2.1. Let T be a torus and M a compact T-manifold. We say that M 
satisfies Condition C if for each closed subgroup H C T, the T-equivariant normal 
bundle of the closed submanifold M H C M is equipped with the structure of a 
complex T- vector bundle such that the following compatibility condition holds: If 
K C H C T are two closed subgroups, then the restriction of N(M K , M) to M H 
is a direct summand of N(M H , M) as a complex T-vector bundle. 

Before we state and prove our main result of this section, we introduce some 
notations from m- 

Let M be a .S' 1 -manifold satisfying Condition C and x £ M. Then the isotropy 
group Sf of x acts linearly on the tangent space of M at x. There is an isomorphism 
of ^-representations T X M = V X ®V X , where V x is a trivial S x -representation and V x 
is a unitary ^-representation without trivial summands. The slice type of x £ M 
is defined to be the pair [S.J; V x ]. 

A S^-slice-type is a pair [H;W\, where H is a closed subgroup of S' 1 and W is 
a unitary H-representation without trivial summands. We call a slice-type [H\ W] 
effective (semi-free, resp.) if the 5' 1 -action on 5* 1 x# W is effective (semi-free, 
resp.). By a family T of slice-types we mean a collection of 5 1 -slice types such that 
if [H-, W] £ J- then for every x £ S 1 Xh W, 14] £ F- 
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A 5' 1 -manifold M satisfying Condition C is of type T if for every x £ M, 
e ■ We denote by f1*’ S [J 7 ] the bordism groups of all oriented S 1 - 
manifolds satisfying Condition C of type T. We set fJ* ’ = ’ [All], where 

All denotes the family of all slice-types. We denote by AS the family of all effective 
slice-types. 

Let p = [H; W] be a S^-slice type. A complex ^-vector bundle E over a manifold 
N is called of type p if the set of points in E having slice type p is precisely the 
zero section of E. Bordism of bundles of type p leads to a bundle bordism group 



If T = T' U {p\ is a family of slice-types such that T' is a family of slice types, 
c s i c s i 

then [p] is isomorphic to the relative equivariant bordism group f2* [J 7 , J 7 '], 

which consists of those S' 1 -manifolds with boundary of type T whose boundary is 
of type T'. Moreover, there is a long exact sequence of flf°-modules 



Here v is the map which sends a S-manifold satisfying Condition C of type T to 
the normal bundle of the submanifold of points of type p. Moreover, d assigns to a 
bundle of type p its sphere bundle. 

This sequence provides an inductive method of calculating the bordism groups 
of 5 1 -manifolds satisfying Condition C of type T. 

Theorem 2.2. Let T = AS or T = AE — {[S' 1 ; W ]; dime W = 1} be the family of 
all effective S 1 -slice types with or without, respectively, the slice types of the form 
[(S' 1 ; W] with W an unitary S 1 -representation of dimension one. Then [J 7 ] 
is generated by semi-free S 1 -manifolds and generalized Bott manifolds M with a 
restricted S 1 -action which does not have fixed point components of codimension 
two. 

Before we prove this theorem we describe the torus action on the generalized 
Bott manifolds in more detail. 

A generalized Bott manifold M is a manifold of the following type: There exists 
a sequence of fibrations 

M = Ni -s> Ni -1 = {pt}, 

such that No is a point and each N t is the projectivization a Whitney sum of n, +1 
complex line bundles over W-i- 

The torus action on these manifolds can be constructed inductively as follows. 
At first note that each W-i is simply connected. Therefore, if W-i has an effective 
action of an 1 n^-dimensional torus T, then the natural map l! Z) —> 

H 2 (Ni_ i; Z) from equivariant to ordinary cohomology is surjective. Hence, by [15] , 
the T-action lifts to an action on each of the rii + 1 line bundles from which W is 
constructed. Together with the action of an (ni + l)-dimensional torus given by 
componentwise multiplication on each of these line bundles, this action induces an 
effective action of an Uj)-dimensional torus T' on A r , : . Note that, by |T5j, the 

T'-action constructed in this way is unique up to automorphisms of T', i.e. does 
not depend on the actual choice of the lifts of the T-actions. So each TV,; becomes 
a so-called torus manifold with this torus action, i.e. the dimension of the acting 
torus is half of the dimension of the manifold and there are fixed points. 

Proof of Theorem \2. 6 A At first we define a sequence of families J-j of S' 1 -slice types 
such that 

(1) Ji+i =Ti U {cr i+ i} for a slice type a i+ i, 
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(2) J 7 = U,“o^. 

(3) Jo consists of semi-free S’ 1 -slice types. 

When this is done it is sufficient to prove that each Q* ,S [J;] is generated by 
semi-free SLmanifolds, generalized Bott manifolds and manifolds which bound in 
ft?’ Sl [J]. 

Before we do that we introduce some notations for the 5' 1 -slice types. The 
irreducible non-trivial 5' 1 -representations are denoted by 

where V. is C equipped with the Section given by multiplication with s* for 
s £ S 1 . For Z m C S' 1 we denote the irreducible non-trivial Z m -representations by 
V-i ,..., V-m+i. Here V t is C with s € Z m acting by multiplication with s' 1 . 

The effective S^slice types are then of the forms 

In’ 1 ; 14(1) ® Vfc(2) ® • • ' ® I4(ra)] 

with fc(l) > k{ 2) > • • • > k(n), n > 1 and gcd{fc(l),..., k(n)} = 1 or 

[2 m ; 14(i) ® 14(2) ® ■ • ■ ® 14(„)] 

with 0 > k{ 1) > k( 2) > • • • > k(n) > — m, n> 1 if to > 1, and gcd{fc(l),..., k(n),m} 
1. Such a slice type is semi-free if it is of the form [S' 1 ; 14(i) ® 14 ( 2 ) • • • ffi I4( n )] with 
|fc(z)| = 1 for all i or [Zi;0]. 

The non-semi-free effective slice types fall into three different classes: 

S' = {[H] W]; H is finite} 

6S = {[S 1 ; W]-, W = 14 ( 1 ) ® ■ ■ ■ ® V Hn) ® V- m with 

0 > fc(l) > k{ 2) > • • • > k(n) > —to} 

T = {all other non-semi-free effective slice types} 

For p = [Z m ; Vfc(i)®- • -®14(„)] G S we define e(p) = [S 1 ; 14(1)®- • ■ ® 14( n )®VL m ] G 
©S- 

We define an ordering of the non-semi-free slice types as follows similarly to the 
ordering in [501 Section 6]: Let 

SIS 1 -, 14 ( 1 ) ® • • • ® V k{n) \ = max{|fc(l)|,..., \k(n)\} 

d[5' 1 ; 14(i) ® ■ ■ ■ ® 14(n)] = n > 

we order TU©S at first by S+d, then by d and then lexicographically. This together 
with the following conditions gives an ordering on X U ©S U S- If p G S and p' £ S 
then define p < p' if e{p) < p'. If p G S and p' G S then let p < p' if e{p) < e(p'). 

Denote the elements of X U ©S U 5 by a±, cr 2 , ■ ■ ■ so that cq < <jj if i < j. Then 
one can check that 

Jo = (semi-free slice-types} — {[S' 1 ; 1}]; |z| = 1}, 

J, = Jo U (cti, ..., a ij for * > 1 

are families of slice types. The difference between these families of slice types and 
the families of slice types STi appearing in [2D| is that J = {ST D J) U Jo with 
j{i) < j(i') if i < i'. 

Now we prove by induction on i that [J,] is generated by semi-free S 1 - 

manifolds, generalized Bott manifolds and manifolds which bound in Q^’ S [Jj + i]. 
We may assume that i > 1. Then we have an exact sequence 


■ [ j,_i] —- [jjj -H*. nc .s 1 N ^ 
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At first assume that cq £ Then one can define a section qi to z/,; as in EDI 
Section 6]. For E £ [cr,;]. qi(E) is represented by a sphere bundle associated 

to a unitary S' 1 -vector bundle of rank at least two over a manifold with trivial 
^-action. 

Hence [Ti] is generated by manifolds of type Ei-\ and the qi{E), E £ 

H%' S [crj]. Moreover, the disc bundle associated to E is bounded by qi(E) and is of 
type Ti- i-i. Therefore the claim follows in this case from the induction hypothesis. 

Next assume that cr,; £ ©J. Then as in EDI Section 5], one sees that <9,; in¬ 
duces an isomorphism [cq] —> imgi_i. Therefore we have an isomorphism 

O* ’ [Ei- 2 ] —> ’ [Fi]. Hence the claim follows in this case from the induction 
hypothesis. 

At the end assume that cr, £ T. Then one defines a section qi to as in |201 
Section 7]. For E £ [cr,], qi(E) is represented by a projectivization P(E) of 

a unitary S' 1 -vector bundle E of rank at least two over a manifold with trivial fr¬ 
action or a manifold M 2 of the following form. First let M\ be the projectivization 
of a unitary S-vector bundle E\ over a manifold with trivial fT-action. M 2 is then 
the projectivization of a unitary fT-vector bundle E 2 of rank at least two over M\. 

Moreover, one sees from the definition of qi in [20], Section 7] and the fact that cq 
is not semi-free that qi(E) does not have fixed point components of codimension two. 
Since BU(ji)) is generated as a module over Slf° by sums of line bundles 

over complex projective spaces, we may assume that the qi(E) are generalized Bott 
manifolds. Hence the claim follows in this case from the induction hypothesis. □ 

3. The spin case 

In this section we prove the following theorem about the fT-equivariant Spin- 
bordism groups of those manifolds which satisfy Condition C. 

Theorem 3.1. Let T = AS or E = AS — {[S’ 1 ; W ]; dime W = 1} be the fam¬ 
ily of all effective S 1 -slice types with or without, respectively, the slice types of 
the form [S' 1 ; W] with W an unitary S 1 -representation of dimension one. Then 
^c.Spm.s i s generated by semi-free S 1 -manifolds and generalized Bott man¬ 

ifolds with restricted S 1 -action. 

For the proof of this theorem we will use the same families of slice types and the 
following exact sequences analogues to the ones used in the proof of Theorem 12.21 

. . . -^ £lC,Spin,S' „ QC.Spin.S 1 [jr.] 

^Spin.S 1 ^ ^ n C L S r ,S' [JU] -„ . . . 

Before we prove Theorem 13.11 we describe the groups Q^ s P m > sl [ CT .]_ These 
groups have been computed by Saihi [28:. She showed that 

n^ in ’ sl [H, V} 5* H„_ 1 _ 2 Ef=i (BT U H BT V , /), 

where El is a finite group, r u ,F„ are connected two-fold covering groups of T = 
SO x S 1 x H nf U(n.i) and f = f u H f v where f u : BT U -> BSO, f v : BT V -> BSO 
are the fibrations induced by the projection T ^ SO. 

Lemma 3.2. The two components of BT u UBT v are in one-to-one correspondence 
to the two spin-structures U,V on S 1 Xh V, in such a way that for E £ £l*(BT u H 
BT V , / u H/„) we have E £ Sl t (BT u , f u ) (, E £ Sl^(BT v , f v ), respectively) if and only 
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if the restriction of the spin structure on E to an invariant tubular neighborhood of 
an orbit of type [H, V] in E coincides with the spin structure U (, V, respectively). 

Proof. The spin structures on S ’ 1 x r V x are in one to one-to-one correspondence 
to the spin structures on S 1 Xjh Every spin structure on S 1 Xh V induces a 
homotopy class of lifts of the map pt —> BY to BY U II BY V . Moreover, every such 
lift induces a spin structure on S 1 Xr V. Since the fiber of BY U II BT V —> BY has 
two components, there are exactly two homotopy classes of lifts. These lifts induce 
different spin structures on 5 1 Xr V because they represent different elements in 
n*(PT u II BY V , / u II /„). Since there are exactly two spin structures on S 1 Xr V 
the claim follows. □ 

After inverting two, we get the following isomorphism: 
n c,Spin,s' [H ' v] { 1 ] * o n _ i _ 2 ni [I] (Br n BY, f) 

k k 

= ^ S n -l-2j:UnS2 KB{Sl - H U U ^ B ( Sl X ff n^))) 

i i 

k k 

- °n-l-2E‘ =1 l2 1(B(Sl/i? X n u B ( Sl / E x II [/ ( ri >)))- 

i i 

Here the first isomorphism is induced by the two-fold coverings T u ,r„ —> T. 
Moreover, the third isomorphism is induced by the homomorphism 

k k 

s 1 X H H U(m) -> s l /H X U(m), 

i =1 2—1 

[z, UUk] >->■ ([z],Z ai Ui, ..., Z ak U k ). 

We also have 

n c,s pt n, sl [ S i } y][l] s m) A • • • A MU(n k )) 

^ U. S n °[\\{MU( m) A • • • A MU(n k )) 

= Yl n _ 2 Y^k-^n i ['^\(BU( n i) x ■ ■ ■ x BU[n k )) 

= QS „ P -2J2 k =in Sl ]i BU ^) x • • • X BU{n k )). 

Here the first isomorphism has been shown by Saihi |2H], the second and fourth 
isomorphism are deduced from the fact that after inverting two Ylf° and H* pin 
become isomorphic. 

Moreover, the third isomorphism is constructed as follows: Make a map </> : M —> 
MU(n\) A • • • A MU{n k ) transversal to the zero section of the classifying bundle 
over BU(ni) x • • • x BU(n k ). Then restrict (j) to the preimage of the zero section. 

This gives an element of Yl so k (BU(n\) x ■ ■ ■ x BU(n k )). 

We will need a basis of the flf pm [|]-module Ylf pm [X\(BU (ni) x • • • x BU(n k )). 

For odd i > 0 denote by A,; the tensor product of two copies of the tautological line 
bundle over CP 1 . For even i > 0 denote by X, the tensor product of two copies of 
the tautological line bundle over CP(y ® 7 ® C). Here 7 denotes the tautological 
bundle over CP 1-1 . Moreover for i = 0 denote by A'o the trivial line bundle over a 
point. Then the 

k ni 

n n x m with 0 < hi < ■ ■ ■ < j nk i 

2=1 h=l 


(3.1) 
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form a basis of V.f pm [^](BU(ni) x • • • x BU{n k )) as a [^-module. 

This can be seen as follows: First of all the X t . i > 0, form a basis of fl*[^](i35' 1 ) 
as a module over because the characteristic numbers {c\{Xi), [/?,;]} are powers 
of two [7; Theorem 18.1]. Moreover, for a torus T = {S 2 ) k , f K[^](BT) is isomorphic 
to Now consider the Atiyah-Hirzebruch spectral sequences for 

and 

(ni) x ■■■ x BU(n k )), 

where T is a maximal torus of U(ni) x • • • x U(rik). They degenerate at the E 2 - 
level. Hence, it follows that the products in (13.11) form a basis of fl^](BU (ni) x 
• • • x BU(jik)) from a comparison of the singular homologies of the two spaces (for 
details see 18, Section 4.3]). 

For the proof of Theorem 13.11 we will also need the following construction of 
twisted projective space bundles <CTP(Ei\E 2 ). 


Construction 3.3. Let Ei —> Bi , i = 1,2, be unitary S ll -vector bundles such 
that the actions on the base spaces are trivial. Then Ei splits as a sum of unitary 
S' 1 -vector bundles 

ki 

Ei = ($E^ 
l=i 

with Pn,..., Pan G Z such that the action of z £ S 1 on each jE?f* 5 is given by 
multiplication with z @ ij . We call E^' 3 the weight bundle of the weight Aj . 
Moreover, we write 

Et = 0 Ei 3 

fiij ^0 

and 

Ei= 0 E 0 P. 

/ 3«<0 

Then we have E t = Ef © E~ © Ef. 

Also let (3 2 max G {P 21 , • • -, /? 2 fc 2 } such that 1^2maxi = maxi<,,< fe2 |/3 2 y|- 
In the following we assume that dime E 2 is even and dime Ef = 1 for i = 1,2. 
We also assume that one of the following three cases holds: 

(1) dime Ei is odd. 

(2) dime Ei is even, /3 2max = ±2, dim c F^ 2max = 1, |/3 2 j| = |/3ij'| = 1 for 
(3 2 j A /A max and all j G {1,..., hi }. 

(3) dime Ei is even, case [2] does not hold and F?f 2max splits off an ^-invariant 
line bundle F. 


In each of these cases we define a free T 2 -action on the product of sphere bundles 
S(Ei) x S(E 2 ). 

In case [I] we define this action as follows 

(s, t) ■ ((ef, e?), (ef, e^, ef)) = ((fef, f _1 eC, tef), (tse f, t _1 s _1 e^, sef)), 

where (s, t) G S 1 x S 1 = T 2 , ef G Ef and ef G Ef. 

If, in case [2] /3 2ma x < 0, we define this action by 

(s, t) ■ ((ef, ei, ef), (ef, ej, ef /)) = ((fef, f _1 eC, tef), (fsef, t _1 s _1 e^, sef s^ 1 /)), 

where (s,t) G S 1 x S 1 = T 2 , ef G Af, ef G Af, e ^ G E^ © iff 2max , ef G Ff and 
/ G F;f 2max . 
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If, in case0 /3 2max > 0, we define this action by 
(M) • (( e +> e i > e i)> ( e t >> e 2> /)) = 


i.tej), 


(tse^,t ^ 1 e 2 , 


where (s,t) £ S 1 x S 1 = T 2 , ej* 1 G B^, e 2 € B^" 0 B 2 ' 
/ G B 2 2 max . 

If, in case 0 /?2 ] 


max _— 


22»s/))» 


e 0 £ fi 2 , e- £ B° and 


< 0 , we define this action by 


(s, t)-((ej, e, , e\), (ej , e 2 , /)) = {{tej , t *e 


+ +-i e - 
i > 


te\ j 1 ), (tse^ ,t h 1 e 2 ,, 


„0 „ — 2 




where (s,t) G 5 1 x S 1 = T 2 , ef G E^, ej G E^", e 2 G E 2 ©E, G E^ and / G E. 


If, in case|3l ^2 max > 0, we define this action by 
(s, t) • ((e+, ej", e?), (e£, e 2 , e£, /)) = ((te^, t _1 e^, te?), (tse^, f _1 s _1 e^, se£, sf 2 /)), 
where (s, t) £ S 1 x S 1 = T 2 , ef £ E±, £ Bij~ ©P, £ B^~, e° G B° and / G B. 

We denote the orbit space of these actions by CTP(E\- B 2 ). It is diffeomorphic 
to a CP" 2 -bundle over a manifold M, where M is a CP" 1 -bundle over Bj x 5 2 . 
Here we have rii = dime B$ — 1. 

One can compute the cohomology of the total space of the CP ni -bundle £ : M —> 
B\ x B 2 by using the Leray-Hirsch-Theorem as 

H*{M-Z 2 ) S H*(B 1 x -B 2 ;Z 2 )[u]/(/(u)), 

where u is the mod 2-reduction of the first Chern-class of the tautological line 
bundle over M and f{u) is a polynomial of degree 2(m + 1). 

Moreover, its tangent bundle splits as a direct sum 

CT{B X x B 2 ) © ry, 


where 77 is the tangent bundle along the fibers of £. 

Note that 77 is isomorphic to 7 0 (B+ 0 B°) 0 7 0 Bj~, where 7 denotes the 
tautological line bundle over M. 

From this fact it follows that the second Stiefel-Whitney class of M is given by 


w 2 {M) = w 2 (B 1 x B 2 ) + (m + l)u + w 2 (Bi). 

The same reasoning with M replaced by CTP(Bi; E 2 ) and B\ x B 2 replaced by 
M shows that the second Stiefel-Whitney class of CTP(Bi; B 2 ) is given by 

w 2 (CT P(Bi; E 2 )) = w 2 (B 1 x B 2 ) + w 2 (Ei) + w 2 {E 2 ). 

Therefore it follows that CTP(Ei;E 2 ) is a spin manifold if Pi, B 2 are spin- 
manifolds and Ei, B 2 are spin-vector bundles. 

The fP-actions on E\ and E 2 induce an S’ 1 -action on CTP(Bi; E 2 ). The sub¬ 
manifolds 

N Plj , 02j , = (S(E^) x S(E^'))/T 2 c CTP(B i; B 2 ) s1 

are fixed by this S' 1 -action on CTP(Bi; E 2 ). 

In the proof of Theorem 13.11 we want that the manifolds CTP(Bi;B 2 ) are of 
type Ei for certain families E of slice types. For this it is important to know the 
weights of the dP-representations on the normal bundles of N f 3 ljl p 2j , ■ In particular 
it is important how they differ from the weights at A r o o- The weights of the (fr¬ 
action on the normal bundle of Np^ t p 2 ., can be computed as listed in tables [TJ 0 
0 

In the proof of Theorem 13.11 we will always have 


max |/3 77 1 < max |/3 2j | = |/3 2 max | • 

i<i<fci i<j<fe2 

Assume that this holds and that (/3y,/3 2 j') 7 ^ (0, 0), (0, ±/3 2 max), then we have 
in cases 0 and 0 


12 


MICHAEL WIEMELER 



weights at Np ljt p 2 ., 

(0,0) 

011 , ■ • • , 01 k, 021 , ■ • • , 02 k' 

(0,7) with 7/O 

—ItU 

011 , ■ ■ ■ , 01 k, 

sign 0 2 l (\f 3 2 i\ ~ | 7 l) for i = 1,. 

. k’ and 0 2 , 7^ 0 

(7, 0) with 7 7^ 0 

-Ill, 

sign 0 u(\ 0 u\ - |7|) for i = 1,. 
sign02i(\02i\ - ill) for * = 1, • 

. k and 0 u 7^ 0, 

. k! and 0 2 , 7I 0 

(71 >72) with 74 7^ 0 

—lnU 

sign 0 u(\ 0 u\ - |li|) for i = 1, 
sign0 2 i (\02i\ - jl2j) for i = 1, 
111 1 - II2I 

.. k and 0 u 7I 0, 

.. k! and 0 2 , 7I 0, 


Table 1. The weights of the S' 1 -action on C TP in the first case. 


(01j,0 2j>) 

weights at Np ljt p 2i , 

(0,0) 

011, • ■ ■ , 01k, 021, ■ ■ ■ , 02k 1 

(o,±i) 

011, ■ ■ ■ , 01k, ±1 

(0, ±2) 

011, ■ ■ ■ , 01k, —2, ±1 

(±1,0), (±1,±1) 

-1,±2 

(±1,±2) 

-1,-2 


Table 2. The weights of the S' 1 -action on C TP in the second case. 


max{|weights at Np 1Jt p 2 ., |} < max{|weights at AT 0j o|}- 

In case[2]let Yp lj ,p 2 . l be the component of CTP(Ei; E 2 ) sl containing Np ljt p 2 .,. 
Then we have 


codim Yp ljt p , < dimEi + dim E 2 — 2 = codim To ,0 

if (0ij,02j>) ± (0,0), (0, ±2), (±1, ±2) or {0^,02?) ± (0,0), (0,±2) and dim c E 1 ^ 
2 . 

If we have (0ij,02j') = (±1, ±2), dime E\ = 2 and dime E 2 > 4, then the weight 
—2 appears in the weights at Np 1 :jt p 2jl with multiplicity greater than one. Therefore 
the .^-representation at Np 1 ;jt p 2 ., does not coincide with the S’ 1 -representation at 

N 0 , 0 . 

Note that in all three cases we have that the weights of the ^-representation at 
^o,/ 3 2max are given by 

{-|/32max|,/3ii, ■ - - ,0ik,sign0 2 i{\0 2i \ - | 02 max |); i = and 0 2 i ± 0}. 

Proof of Theorem 1 3.11 Now as in the non-spin case we construct sections to the 
maps 

^ : n^"> sl [7i][i] ^im^ C 

At first assume that a* = [H, V] with H finite and V = 0*_ 1 V ai with 0 > a\ > 
■ ■ ■ > otk > Qffc+i = — m = — ord H. Then, by Lemma |3.21 the two copies of BT in 
QC,Sptn,s [A] [cr^] correspond to the two spin structures on 

S 1 x H V. 
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(01j,02j') 

weights at Np ljt p 2i , 

(0,0) 

011, ■ ■ ■ ,01k, 021, ■ ■ ■ ,02k' 

(0,7) with 7^0 

— |7U 0n, ■■■,0ik, 

sign 0 2i {\0 2i \ - |7l) for i = 1,... k' and 0 2i ^ 0 

(7,0) with 7 ^ 0 

-hi 

sign0u(\0 u \ - |7|) for i = 1,... k and 0 U ± 0, 
sign 02 i{\ 02 i\ - |7l) for i = and 0 2 i ± 0,a, 

signa(|a| - 2\^\) 

(7i) 72) with 7, ^ 0, 

72 ^ a 

-|7i|, 

sign 0u(\0u\ - |7i|) for i = 1,... k and 0 U ^ 0, 
sign0 2i (\0 2i \ - I72I) for i = l,...k' and 0 2i ^ 0,a, 

I71I - I72I, 

signa(|a| - |7i| - I72I) 

(7, a) with 7 ^ 0 

|7U 

sign 0u{\0ii\ - |7|) for i = 1,... k and 0 U ^ 0, 
sign0 2 i{\0 2 i\ - \a\ + |7|) for i = 1,... k! and /3 2i £ 0, a , 
2|7| - a 


Table 3. The weights of the S' 1 -action on C TP in the third case. 


There are equivariant diffeomorphisms 


k k 


s 1 /irx0v a ,4S 1 x h 014 * 

2=1 

2=1 

([z],Ul, • • .,V k ) l-t 

[z,z~ ai v 1 ,...,z~ 0 ‘ k Vk\ 

k 

k 

S 1 / H X (14i+m © 14j) 

-»• S 1 X W 0 14 , 

i=2 

2=1 

([z],Vi,...,V k ) 

[ 2 , ..., z~ ak v k ], 


where the action on the left hand spaces is given by the product action and on the 
right hand spaces the action is induced by left multiplication on the first factor. 
Moreover, we can (non-equivariantly) identify 


S'/H x 0 V ai “ S 1 x 0 14 


and 


i=1 

k 


i=l 


S 1 /H X (V ai+m © 0 Vat) = S 1 X (Va i+ m © 0 V ai ). 


i =2 2 =2 

Composing these diffeomorphisms leads to the map 

k k 

s 1 xC^S'x0 14, -a S 1 x C Vat +m 0 0 Vat) = S 1 X C k 

i=l i =2 

(z,Vi,...,V k ) (z,zvv k ). 


This map interchanges the two spin structures on S 1 x C k . Therefore one of the 
two spin structures on S 1 XhV equivariantly bounds D 2 x (©^ = 1 14J- The other 
equivariantly bounds D 2 x (14*+™ © ®f =2 V ai ). 

Let E = e O? pm [ 5 ](-Br firstcopy ). Then the sphere bundle 

associated to 1 Xj hi>ai gives the desired preimage. Here Xj Q denotes the 



14 


MICHAEL WIEMELER 


bundle Xj equipped with the action of S' 1 induced by multiplication with z a for 
z 6 S 1 . 

This can be seen as follows: The normal bundle of S(E) H in S(E ) bounds the 
normal bundle of D(E) H in D(E). Therefore a tubular neighborhood of an orbit of 
type [H 1 V] in S(E ), equipped with its natural spin structure, equivariantly bounds 
D 2 x V x R fc . Hence, this spin structure is the one which corresponds to HTfi rst cop y 
In particular, S(E) is the desired preimage of E. 

Next assume that E = II, =1 ]\h=i x jhi e n*[i](Sr second cop y), then, by an 
argument similar to the one from above, the sphere bundle associated to 

n\ — 1 k rii 

® X ji(k+l)>™ © X jik+lt—m) X 

h=l i —2 h=l 

gives the desired preimage. Here X jl(fc+1) is the dual vector bundle of Xj Uk+1) . 
Moreover, Xj ^ ZXj 1(k+1) ®Xj lk+1 is the vector bundle over the base space Bi x B 2 
of X jnil x X jlk+1 given by the Whitney sum of pr*(X jnil ) <8> pr$(X jl(k+1) ) and 
PT^jlk+l)' 

Next assume that cq = [S 1 , V] where V = ©* =1 V™* with oq > aq+i- For this 
case we will use Construction [IQ] of twisted projective space bundles CTP(£q; E 2 ). 

Case 1: At first also assume, that all weights of V are negative and the 
minimal weight appears with multiplicity one. Then one can see that the map 
QC,Spin,s QC,Sp»n,s h as the same image as the first section con¬ 

structed above for slice types with finite isotropy groups. Hence it is injective. 

Case 2: Next assume that all weights except aq of V are negative, the minimal 
weight and oq appear with multiplicity one and 0 > aq — to > a, for all* > 1, where 
—m = ak- Then one can see that the map Cl^’ Spm,s [i][uj] —> Q*’ Spm ’ S [A] 
has the same image as the second section constructed above for slice types with 
finite isotropy groups. 

Then 


Tli 

( X hi<°‘i—’m® X hk, C ‘k® X jik,ak ) ^ J. J_ 11 X jhi,otii 0 < jii < j‘2i < ■ • • < jmi for i > 1 

i> 1 h =1 

is a basis of fl^’ Spm [^)[i7i] as an [^-module. To see this, note that the map 
^ fc— 1 ^ k —1 

BU ( l ) x BU{i) x ll BU(m)) n,[-\(BU( 1) x bu{ i) x ]J BU{m)) 

i —2 i =2 

X®Y®Z ^ X®Y®Y®Z 

is an isomorphism. Moreover, the elements given above are the images of the basis 
m under this isomorphism. 

If in > jn 2 2 with ol 2 = oq — m or aq — to > a 2 , then the image of 

Tli 

X hl,oii-m ® Xj lktCXk ® Xj lkt0 , k X X jhi-,a-i 

k>i> 1 h =1 

under the map Cl*' Spm ’ S [i][cq] —> fl*’ Spm,s [|][Jq_i] is part of a basis of the 
image of the second section constructed for normal orbit types with finite isotropy 
groups. Therefore for these basis elements we do not have to define preimages under 
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Therefore assume that = ol\ — m and ju < j n2 2 - Then 

n 2 — 1 rii 

CTP(C x II X II II ' - 


h=1 

is mapped by Vi to 

H2—1 


2<i<fc 


(^in,ai—m ® Xj lktOLk 


X hk,a k ) X Xj 2 a 2 X C) 


|d X 3h2, a 2 X ]d ]d Xj hi ,ai x (Xjn,ai-m <8 Xj lktak ® Xj lktClk X Xj 2n2t0l2 


h—1 2<i<k h—1 

~ Xhi,ai —m x Xj 2rl2t0l2 ® Xj lk ak ® Xj lk>olk ). 

Here the two components of C.TP(E\\E 2 ) S which correspond to the two sum¬ 
mands of the above sum are given by CTP(C; C) and CTP(C; Xj lktCtk ). The other 
fixed point components are of different slice types. Therefore we have found the 
generators in this case. 

Case 3: Next assume that cr* = [S 1 ,!^], such that all weights except a\ of V 
are negative, the minimal weight and a.\ appear with multiplicity one and a\ < 
—ak = m, — m < « 2 - Then 


n 2 — 1 rii 

CTP(C x n x n n Xj hi ,otii Xj lli<Xl x Xj n22t<X2 x Xj lk)0 , k x C) 

h=l 2 <.i<.k h—1 

is mapped by ly to 

k rii 

n it x ihi’<*i- 

i—l h—1 

Here the component of CPP(Pi; E 2 ) s which corresponds to this product is given 
by CTP(C;C) S . The other components of the fixed point set are of different slice 
types. Therefore we have found the generators in this case. 

Case 4: Next assume that <7* = [S’ 1 , V], such that on > 0 appears with mul¬ 
tiplicity at least two and the minimal weight appears with multiplicity one and is 
negative and an < — a*, = m. Then 

n i rii 

CTP(C x x n n Xj hi ,on ; x jlltai x -Xj 2 i,ai x Xj lktOCk xC) 

h—3 l<i<kh—l 

is mapped by v. t to 

k rii 

n ii x ohi,oa 

i—l h—1 

Therefore we have found the generators in this case. 

Case 5: Next assume that cr» = [5, V], such that ai > a 2 > 0 and the minimal 
weight appears with multiplicity one and is negative and a\ < —ak = m. Then 


CTP(Cx ]d Xj hl>oll x ]d Xj h2tCl2 x ]d II X 


3hi,<*i i 


Xju ,ai x Xj 12 ?Q , 2 X Xj lk ?afc X C) 


h—2 


h—2 


l<i<k h=l 


is mapped by v,j to 


k rii 

n n 


i—l h—1 

Therefore we have found the generators in this case. 

Case 6: Next assume that ai = 2 and a 2 = ±1 are the only weights. Then 


M = C P(X jliai © C) x C P(X jl2>a2 © C) 
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is a manifold which satisfies Condition C such that the weights at the four fixed 
point components are (—2, —1), (—2,1), (2, —1), (2,1). If a 2 = —1, we conjugate 
the complex structure on the summand N(M S , M Z2 ) of the normal bundle of the 
last fixed point component. In this way we get the desired generators in this case. 

Case 7: In all other cases let /3 £ {a\,ak} be a weight of maximal norm. Then 
there is a second weight 6^0, —0. In these cases one of 


ng ni n 0 n—p 

CTP(Cx n-w n n Xjhi,oti\ Xj Ut g x ff Xjh,p ,p x P xC) 

h—2 oti^8,—/3,l3 h =1 h=l h—1 

or 

ni np n~p 

CTP(C x Xjhi ,ai 5 X jh ^ x Xj h _ p -p x C) 

ai^—/3,/3 h—1 h—1 h—1 


is spin and mapped by Ui to 

k ni 

n n x jhi,oa- 

i= 1 h—1 

Therefore we have found the generators in this case. 

Hence we have found generators of the image of Vi in all cases. This completes 
the proofs of the theorem. □ 


4. S' 1 -MANIFOLDS NOT SATISFYING CONDITION C 

In this section we prove Theorem ll.il In view of Theorems 12.2115TT1 it suffices to 
prove the following lemma. 

Lemma 4.1. For G = SO orG = Spin and J- = AS or T = AS— {[S’ 1 , W]; dime W 
1}, the natural map 

is surjective. Here [J 7 ] denotes the bordism group of n-dimensional G-manifolds 
with effective S 1 -action of type T such that, for all subgroups H C S 1 , M H is ori- 
entable. 

To prove this lemma, we use an induction as in Section [3] To do so, we first 
recall that the real slice types of S 1 , which appear in an orientable S' 1 -manifold, 
are given by 

[Zn,; n V t\ [S 1 ; II V a a ] 

—m<OL< — ^ a<0 

Therefore for each real slice type p there is a preferred complex slice type a such 
that after forgetting the complex structure we have p = o. Note that this slice type 
is the first complex slice type representing p with respect to the ordering introduced 
in Section [2j We call two complex slice types equivalent if they represent the same 
real slice type. 

The ordering of preferred complex slice types induces an ordering of the real slice 
types. Moreover, this leads to a sequence Qi of families of slice types such that 

Go = {semi-free slice types} — {[S' 1 , VLi]} 

Gi+i = Gi H {pi} for a slice type p, 

OO 

|^J Gi = {effective slice types without codimension two fixed point sets} 

7=0 
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We will show by induction on i that every [M] £ flf’ S [i][^] can be represented 
by an effective 5' 1 -manifold which satisfies Condition C. 

We have the following commutative diagram with exact rows: 


n 


G.G.S 1 1 












■^ ,Sl [!][&-!] 


Here < tm a denotes the preferred complex slice type representing p,;. 

A diagram chase shows that we are done with the induction step if we can show 
that the composition of maps 

ker5 i 

is surjective. 

The following isomorphisms can be constructed in a similar way as in the case 
of the groups f l*’ G ' S [^[cr]. 


n s n °’ sl [z m , n -„/ a [^;(B(5 1 x Zm 50(2j_ m/2 )) 


o^"- sl [z ro , [| vi°][h 


= nS Z n i-2j:-- /2 m jA ][B{sl XZm S °W-™/*)) 

~(m+ 1)/2 

X5( n C/ 0 «))) if i-W 2>0 

a.=—m 


I2 a= - m jc l 2 

~(m+1)/2 

n ^0‘a))) 

1, 


Oi=—m 


OL——m 


n s n ^ sl [z m , [| v£-][h 


n Spin , 2 L 


— (m+l)/2 


i](B(5VZ m ) x [] HI/(j a ) 


-(m+l)/2 

H B{S i /Z m ) x [| B£/(?'a)) 


Oi=—m 


=* Q 


Spin 

6-1-2 E"r_^ta L 2 J 


_ . ( AI' j j rs , copy h B 1 ""second copy) 


fi; 


G.S 


[^\ II = n n-2j2 aj jh(l[ BU(j a )), 


Q !<0 


a<0 


For the construction of these isomorphisms in the spin case see [28] . 

In particular, it follows that the maps tt G,G ' S [ohp)][^] —> ft G ’ S [pi}[\] are sur¬ 
jective. 

Indeed, if pi ^ [Z m , n a =_m ^a“] with j_m. > 0, then these maps are isomor¬ 
phisms. 

In the case that pi = [Z m , V-jf] with > 0, we consider the map 


/:BT —► BG , 
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where T is a maximal torus of G = (57Z™) x SO(2jin ) x U(j a ). This map 

induces an surjective map in singular homology with coefficients in Z[i] because G 
does not have odd torsion. 

Since Z[|]) and are concentrated in even degrees, the 

Atiyah Hirzebruch spectral sequence for the bordism groups (with two inverted) 
for these spaces degenerates at the i? 2 -level. Hence it follows that / induces a 
surjective map on bordism groups. 

Because this map factors through HGc, where Gc = (S 1 / Z») x U{jm.) x 
U a ^ U{j a ) and G and Gc are two-fold covering groups of 


(S 1 x Zm SO ()) x l[ U(j a ) and (S 1 x Zm U(j^)) x [] U(j a ), 

respectively, it follows from the above isomorphism that Q G - G - sl [cr^q] [|] -A Fl G ’ Sl [Pi] [§] 
is surjective. 

We have a section q h (q : imz/^A —> Cl G ’ G ’ S Hence, it suffices to 

consider those real slice types for which is not surjective. These are of the 
form 

[^^x-x^xlbj 

with 0 > oq > «2 > • • • > oik = —77i. 

Case 1: At first assume that a i < — Then fi C ’ G ’ Sl [oqqi-i)]^] and fl 0 ’ 51 [p*-i][|] 
are isomorphic. Moreover, d G ^ is a injection into the image of qh{i)— i- In the non¬ 
spin case we have im qh{i-i) = hn c^q. In the spin case we have qh(i- 1 ) (-BTfi rst copy) = 
im d G ^y Since QC.G.S 1 [cr ft ( i )] [T] and H 0,5 [pi]^] are isomorphic, it follows that di 
is also injective. Therefore in this case the maps v^U) an( I Vi are th e zer0 niaps. 
Therefore in this case the statement follows from the induction hypothesis. 

Case 2: Next assume that aq > — ^ and cq 0 > —^ > cq 0+ i for some iy. Then 

a h(i) is equivalent to a = [S' 1 ; Vt ai x • • • x V^° iQ x vt° 0 X [ x • • • x V- m }. 

In the non-spin-case the map v G is surjective for this slice type. Moreover, the 
section c/q to v G has the following property: If X £ n s ' 0 ’' sl [i][CT] ) then there is no 
point in q&(X) with slice type a' such that (JhU) < o' < a. Therefore in the family 
of slice types F/qq we can replace cr/qq by a. The map q& is then still a section to 

c so 

the map z/b with image in fl* ’ ’ [-Fqq]. 

In the spin case we have to look at three cases: 

• a 2 > — Tf 

• aq is the only weight with a± > —^ and appears with multiplicity greater 
than one. 

• aq is the only weight with aq > — tt and appears with multiplicity one. 

As seen in Cases 4 and 5 of the proof of Theorem 13.11 in the first two cases the 

map is G is surjective. Moreover, one can check that the section q& has the same 
property as in the non-spin case. Therefore one can argue as in the non-spin case 
to get the conclusion in these two cases. 

In the last case we can replace cqqq by a by the same reason as in the first two 
cases. Therefore we have the commutative diagram 


/-jCjGjS 1 r 1 1 r -1 

0, [alter] 


■Q?’ g ’ s 1 [±][.F_ 1 ] 




oC.G.SCiir 1 

■SV [jJicTj-lJ 


^’ G ’ Sl [|][ Pi-l] 


^’^[^[Pi] 
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where the vertical maps on the left and right are isomorphisms. Moreover, in Case 
2 of the proof of Theorem 13.11 it was shown that the restriction of the upper right 
map to the image of the upper left map is injective. Therefore it follows that the 
kernel of the lower left map is contained in the image of the kernel of the upper left 
map under the isomorphism on the left. 

C G S 1 G 

From this it follows by diagram chasing that the map f2* ’ [Fh(i)\ ~t fl* ’ [Gi] 
is surjective. 

Case 3: Next assume or > —^ and a, 0 = — Then cq is equivalent to a = 
[S' 1 ; Vl x ai x VL % 0 x U&1, io 1/S*]. As shown in Case 5 of the proof of Theorem 13. 11 
for this slice type v G is surjective in the spin case. In the non-spin case this map 
is surjective because —or > 0. Moreover, the section q„ to vG has the following 
property: If X £ fi G - s [|][cr], then there is no point in q&(X) with slice type a' 
such that < cr' < a. Therefore we can argue as in the previous cases to get 
the conclusion. 

Case 4: At last assume that op = — -y. Then we have a commutative diagram: 

fi G ’ sl [|]N—z m x c/(j!)) -—^—n*[i](ssvz™ x Ufa)) 


x Zm U(ji)) ---- n^KBS 1 x Xm U(h)) 

Vi-iodi 

n^BS 1 x Zm SO{ 2ji)) — -0*[i]( BS 1 x z „ SO(2ji)) 

fi G,Sl [ 3 ][^- 1 ]-^n.[ 3 ](S'S ,1 /Z^. x Z2 SO{2j 1 ))^—n^]{BS 1 /Z^ x SO{2j l )) 

Here we have omitted the BU(ji) factors with i > 1 in the middle and right 
hand column. 

Moreover, the left hand horizontal maps are the isomorphisms from the previous 
page. The right hand horizontal maps are induced by two-fold coverings of the 
respective groups. 

The right hand vertical maps are as follows: 

The first map maps a pair (A, Y) where X is a line bundle over some manifold 
M and Y is an ji-dimensional complex vector bundle over M to (X,X ® Y). 

The second map is the map which forgets the complex structure on Y. The 
kernel of this map can be described as follows. 

There are natural actions of the Weyl-groups W(U(ji)) and W(SO(2ji)) on 
H*(HT- 71 ), where S 1 x ■ ■ ■ x S 1 = T J1 C U(ji ) C SO(2ji) is a maximal torus. 
Note that W(SO(2ji)) can be identified with a semi-direct product Z^ 1 x Sj 1 . 
Moreover W can be identified with the permutation subgroup S n . An 
element of Z^ 1_1 acts on H 2 (BT) = H 2 {BS l ) ® • ■ ■ ® H 2 (HS' 1 ) by multiplication 
with —1 on an even number of summands. An element of Sj x acts by permuting 
the summands. It follows from an inspection of the relevant Atiyah-Hirzebruch 
spectral sequences that the kernels of the natural surjective maps 

n.[i]( BS 1 x Zjf T jl ) O^K-BS 1 x z „ U(h)) 

n^hiBs 1 x Zm t ji ) n^hiBS 1 x Zm so{2j x )) 

2j A 


and 
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are generated by elements of the form (X,Z — 7 Z) with 7 £ W(U(ji)) or 7 £ 
W(SO{2ji )), respectively. Therefore the kernel of the map 

n,[i]( bs 1 x z ^ u(ji)) ->• x z ^ 50(2^)) 

is generated by elements of the form (X, Z—'yZ) withy £ W(SO(2ji))/W(U(ji)) = 

zg 1 " 1 - 

The third map is induced by the isomorphism S ' 1 x Zm SO(2ji) —>■ S ' 1 /Z™ x 
SO(2ji). This isomorphism exists since acts trivially on SO(2ji). 

Since the right hand horizontal maps are induced by two-fold coverings, it follows 
that, if j 1 > 1, then the kernel of the composition of the middle vertical maps is 
generated by bundles of the form 

(X,Z-(Z 1 ®Z 2 ®X)), 

where X and Z are complex vector bundles over the same base manifold with di¬ 
mension one and j i respectively, 7 is an element of W(SO(2ji))/W(U(ji)). More¬ 
over, we have Z = Z\ ® Z 2 with 7 Z 1 = Z\ and 7 Z 2 = Z 2 and X, Z- 2 denote the 
conjugated bundles of X and Z 2 , respectively. 

If j 1 = 1 then this map is injective. Therefore in the following we will assume 
that ji > 1. In this case a bundle as above is the image under ly of 

CTP{Y © Zi © C; X © Z 2 © C), 

where Z = Z\ © Z 2 , X is a complex line bundle and Y is a complex vector bundle 
induced by the projection BS 1 x BU(j\) x Yl i:> iBU(ji) —> n*>i BU(ji). Note 
that since W(SO(2ji)) acts on H 2 (BT) in the way described above, Z 2 is always 
even-dimensional. Therefore the above manifold is spin if the involved bundles 
X , Y, Z 1 , Z -2 are spin bundles and the base space is a spin manifold. This is the case 
for our generators of S !* pin ' 6 [tjj][|] considered in Section [3j Therefore the lemma 
is proved. 


5. Resolving singularities 

Now we turn to the construction of invariant metrics of positive scalar curva¬ 
ture on S' 1 -manifolds. In this and the next two sections we prepare the proof of 
Theorems 11.4111.51 and 11.61 which will be carried out in Section [ 8 ] 

In this section we discuss a general construction for invariant metrics of positive 
scalar curvature on certain S' 1 -manifolds. These S' 1 -manifolds are not semi-free and 
have S ll -fixed points. The construction is a generalization of a construction from 
53J, where it was done for fixed point free S'-manifolds. 

For this construction we need the following technical definition. 

Definition 5.1 (cf. [13] Definition 21]). Let M be a manifold (possibly with 
boundary) with an action of a torus T and an T-invariant Riemannian metric g. 

(1) Assume T = S 1 and M sl = 0. We say that g is scaled if the vector field 
generated by the S’ 1 -action is of constant length. 

(2) We call g normally symmetric in codimension two if the following holds: 
Let H C T be a closed subgroup and F a component of M H of codimension 
two in M. Then there is an T-invariant tubular neighborhood Np C M of 
F together with an isometric S' 1 -action crp on Np which commutes with 
the T-action and has fixed point set F. 

The next lemma is a generalization of Lemma 23 of m to S' 1 -manifolds with 
fixed points. 
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Lemma 5.2. Let M be a compact S 1 -manifold, dimM > 3, such that codimM 5 > 
4, and V a small t.ubulai' neighborhood of M s . If M admits an invariant metric g of 
positive scalar curvature, then there is another metric g of positive scalar curvature 
on M such that g is scaled on M — V. If g is normally symmetric in codimension 
two on M — V, then the same can be assumed for g. 

Proof. Let V’ C V be a slightly smaller tubular neighborhood of M sl in M. By 
an equivariant version of Theorem 2’ of m , there is a metric gi of positive scalar 
curvature on M—V', such that in a collar of SM s = dV ’, g\ is of the form hi+ds 2 , 
where h\ is the restriction of a metric of the form g\ N ^ M s^ m) ^ 1° the normal 

sphere bundle of M s of sufficiently small radius 5, where h is the metric induced 
by g on M s and H is the normal connection. Here ds 2 denotes the standard metric 
on [0,1]. Moreover, g\ coincides with g on the complement of V. 

We have N(M S ,M) = 0 !>o Ei, where Ei is a complex S' 1 -bundle such that 
each z £ S 1 acts by multiplication with z l on Ei. Since g is ^-invariant, the Ei 
are orthogonal to each other with respect to glj^^s 1 M y Using O’Neill’s formula 

for the fibration S$ ^ SM s —> M s , one sees that there is a S' > 0 such that hi 
is isotopic via ^-invariant metrics of positive scalar curvature to the restriction /12 
of 5'(£.>o jzg\Ei) +h h to SM s . (The isotopy is given by convex combination of 
the metrics ][U>o +h h and g\ N (^ M s 1 m) ^ an< ^ rescaling the fibers.) Note 

that h 2 is scaled. 

Therefore by Lemma 3 of Ha, there is a invariant metric g 2 of positive scalar 
curvature on M — V’ such that g 2 restricted to a collar of dV' is of the form h 2 + ds 2 
and g 2 restricted to M — V is equal to g. 

Now let X : M — V' —> T(M—V f ) be the vector field generated by the S' 1 -action. 
Because there are no fixed points in M — V', X is nowhere zero. Denote by V the 
one-dimensional subbundle of T(M — V') generated by X and H its orthogonal 
complement with respect to g 2 . For p € M — V', define f(p) = ||X(p)|| S2 . Note 
that / is constant in a small neighborhood of dV'. 

Next we describe some local Riemannian submersions which are useful to show 
that our scaled metrics have positive scalar curvature. Let S 1 Xh D(W) C M — V' 
be a tube around an orbit in M — V'. We pull back the metric g 2 via the covering 
S 1 x D(W) —> S 1 Xh D(W). This yields a metric which is invariant under the free 
circle action on the first factor. Let g 2 be the induced quotient metric on D(W). 
Then the argument from the proof of Theorem C of [3], shows that the metric 

/ dimM - 2 • do 


on D(W) has positive scalar curvature. 

Now let dt 2 be the metric on V for which X has constant length one. By O’Neill’s 
formula applied in the above local fibration, the scalar curvature of the metric 

W3 = (e 2 • dt 2 ) + (/dimM-2 . g 2 \ H ) 


on M — V' is given by 


(5.1) 


scal 0 „ = seal 2 
9£ ’ 3 


-e 2 ||A|| 


9 1,3 5 


where A is the A-tensor for the connection induced by 51,3 in the fibration S 1 x 
D(W) —> D(W). Since M is compact it follows that there is an eo > 0 such that 
for all eo > e > 0 the metric g t} 3 has positive scalar curvature. 

Moreover, since the restriction of g 2 to a collar of dV' was a product metric and 
/ is constant in this neighborhood g Ey 3 is also a product metric on this collar. 
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Next we show that g e ,z\dv and h 2 are isotopic via invariant metrics of positive 
scalar curvature. We have 

9 e, z\dv = (e 2 • dt 2 ) + (/ dim m—2 . g 2 \-nnTdv) 

h 2 = f dim M — 2 ((/ 2 /d inl M~2 . (ft 2 ) + (/di»L-2 . ff2 | «n7W' ) ) , 

where / > 0 is constant. 

In other words, /i 2 is equal to the metric g ^ ^ ^up to scaling. Hence, it 

follows from formula m that the metrics h 2 and g e , 3 \dv are isotopic via invari¬ 
ant metrics of positive scalar curvature because both metrics have positive scalar 
curvature. One only has to increase or decrease the parameter e and then rescale 
the metric. Since h 2 is isotopic to hi it follows from Lemma 3 of m , that there is 
an invariant metric of positive scalar curvature on M whose restriction to M — V' 

is ge, 3 - 

The remark about the normally symmetric metrics of positive scalar curvature 
can be seen as follows. Because the local ^-actions crp commute with the global 
5 1 -action, they respect the decomposition T(M — V) = H © V. Therefore the new 
metric is invariant under these actions. This completes the proof. □ 

Remark 5.3. Note that every 3 , 0 < e < eo, can be extended to an invariant metric 
of positive scalar curvature on M and that the restrictions of all these metrics to 
R are the same. This shows that the metric g tt 3 can be scaled down on V without 
effecting the restriction of the metric to H and the fact that the g Et 3 can be extended 
to a metric of positive scalar curvature on M. 

Next we describe a resolution of singularities for singular strata of codimension 
two from m- Let M be a S' 1 -manifold of dimension n > 3 and 

0 : S 1 x H (S n ~ 3 x D(W)) M 

be an S' 1 -equivariant embedding where H is a finite subgroup of S 1 and W is an 
one-dimensional unitary effective ff-representation. Here H acts trivially on S'" -3 . 
Since S(W)/H can be identified with S 1 , the S 1 -principal bundle 

S 1 -A S 1 x H (S " -3 x S{W)) -»■ S " -3 x S(W)/H 
is trivial. Choose a trivialization 

X : S 1 x H (S " -3 x S{W)) -A S 1 x S " -3 x S(W)/H 

and consider S(W)/H as the boundary of D 2 . Then we can glue the free S 1 - 
manifold S 1 x S " -3 x D 2 to M — im <fi to get a new S 1 -manifold M'. We say that 
M' is obtained from M by resolving the singular stratum ^(S 1 x# (S " -3 x {0})). 
Now we can state the following generalization of Theorem 25 of [15] . 

Theorem 5.4. Let M be a closed S 1 -manifold of dimension n > 3 such that 
codim M s > 4 and H C S 1 a finite subgroup. Let V be an invariant tubular 
neighborhood of M s . Moreover, let 

4> : S 1 x H (S " -3 x D(W)) ^M-V 

be an S 1 -equivariant embedding where W is a unitary effective H-representation 
of dimension one. Let M' be obtained from Ad by resolving the singular stratum 
(fiS 1 Xh (S " -3 x {0})) C M. If M admits an invariant metric of positive scalar 
curvature which is normally symmetric in codimension 2 outside of V, then also 
M' admits such a metric. 

Since the proof of Theorem 25 of m is mainly a local argument in a neigh¬ 
borhood of the singular stratum which is resolved with some down scaling at the 
end, its proof is also valid in the case where M has fixed points components of 
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codimension at least four, by Lemma |5.2I and Remark 15.31 Therefore we have the 
above theorem. 

The next step is the following generalization of Lemma 24 of [T3]: 

Lemma 5.5. Let Z be a compact orientable S l -bordism between S 1 -manifolds X 
and Y such that for all subgroups H C 5 1 all components of codimension two of 
Z H are orientable. Assume that X carries an invariant metric of positive scalar 
curvature which is normally symmetric in codimension 2. If Z admits a decomposi¬ 
tion into special S 1 -handles of codimension at least 3, then Y carries an invariant 
metric of positive scalar curvature which is normally symmetric in codimension 2. 

Proof. First recall that a special 5 1 -handle is an 5 1 -handle of the form 

S 1 x H ( D d x D(W)), 

where H is a subgroup of 5 1 , W is an orthogonal H-representation, D(W) is 
the unit disc in W and H acts trivially on the d-dimensional disc D d . Here the 
codimension of the handle is given by dim W. 

Therefore as in the proof of Lemma 24 in m we may assume that Y may be 
constructed from X by equivariant surgery on 5 = S 1 Xh (5 d_1 x D(W)). 

First assume that d = 0. Then we have 5 = 0. Hence the surgery on 5 produces 
a new component 5 1 x# (D° x 5(W)) of Y. Since Z is orientable, there is a 
homomorphism <j) : H — > SO(n ) which corresponds to the H- representation W. As 
a subgroup of 5 1 , H has a dense cyclic subgroup. Therefore <f>{H) is contained 
in a maximal torus of SO(n). Hence W is isomorphic to W), where 

denotes the trivial H-representation and the Wj are complex one-dimensional H- 
representations. 

If K C S 1 is a subgroup such that 5 1 x h (D° x S(W)) k 0, then K is contained 
in H. If S K has codimension two in 5, then there is exactly one Wi 0 such that 
K acts non-trivially on Wj Q . Therefore the 5 1 -action on S 1 Xh (D° x 5(IT)), 
which is induced by complex multiplication on Wi 0 commutes with the original 5 1 - 
action and leaves all connection metrics induced from the round metric on 5(IT) 
invariant. Since there are such connection metrics with positive scalar curvature 
on 5 1 Xh ( D° x 5(W)) the theorem follows in this case. 

Now assume that d > 1. Then 5 is non-empty. The proof proceeds as in Hanke’s 
paper. This is done as follows. As in Hanke’s paper we may assume that there is 
a K C H and a component F C X K of codimension 2 with 

S 1 x H (5 d “ 1 x {0}) C F. 

Moreover, the extra symmetry er induces an orthogonal action <r of 5 1 on the third 
factor of S 1 Xh (5 d ~ 1 x D(W)). This action extends to an orthogonal action on 
the third factor of the handle 5 1 Xh (5 d_1 x D(W)). 

Indeed, if d > 1, then 5 d_1 is connected and hence the action extends. 

If d = 1, then S d ~ x = {±1} has two components. And in principle the H x S 1 - 
representations a± on {±1} x W might have different isomorphism types. If this 
happens the 5 1 -action on 5 1 Xh ( S d ~ l x D(W) cannot be extended to an action 
on the handle S 1 Xh ( D d x D(W)). 

Therefore we have to rule out this case. This is done as follows. By assumption 
F' = (F x I) U 5 1 Xh ([—1,+1] x D{W) K ) C Z K is orientable. Therefore the 
structure group of N(F',Z ) is 50(2) = 17(1) and the 5 1 -action a extends to an 
action which is defined on a neighborhood of F'. 

Since the actions a± are restrictions of this action their isomorphism types coin¬ 
cide. Therefore the actions cr± extend to an orthogonal action on 5 1 x^ ([-1,1] x 
D{W)) with fixed point set 5 1 Xh ([— 1,1] x D{W) K ). 
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Now one can construct an invariant metric of positive scalar curvature which is 
normally symmetric in codimension 2 on Y as in the proof of Lemma 24 of M- □ 

Remark 5.6. It follows from an argument of Edmonds J5] that the condition on the 
codimension-two singular strata of Z in the above lemma is always satisfied if Z is 
spin (see also section 10 of Bott-Taubes [HD- 

Let p : B —> BO be a fibration. A B-structure on a manifold M is a lift v : M —> 
B of the classifying map v —»• BO of the stable normal bundle of M. We denote by 
S 1 equivariant bordism group of S^-manifolds with B-structures on maximal 
strata, i.e. an element of is represented by a pair ( M,v ), where M is an n- 

dimensional S 1 -manifold and z> : M max —> B is a 13-structure. Moreover, such a 
pair represents zero if there is an n + 1-dimensional S-manifold with boundary W 
with a B-structure / : Wm ax ->Bon its maximal stratum such that dW = M and 

/|M max = v. 

Lemma 5.7. Let M be a connected S 1 -manifold of dimension n > 6 with a B- 
structure v : M max B on its maximal stratum such that v is a two-equivalence, 
i.e. v induces an isomorphism on it\ and a surjection on 7 r 2 . Let W be a connected 
equivariant B-bordism between M and another S 1 -manifold N. Then there is a 
B-bordism W' between M and N such that M max W' max is a two-equivalence 
and there is a diffeomorphism V —> V', where V and V' are open neighborhoods of 
dW U W S i n g and dW' U W' sing , respectively. 

Proof. We first show that surgery on W max can be used to construct a B-bordism 
W\ such that the inclusion M max *—>• Wi jmax induces an isomorphism on fundamen¬ 
tal groups. We have the following commutative diagram with exact rows. 


7Ti(S' 1 )-^ 7Ti(M max )->■ 7Ti(M max /S' 1 )-9- 0 



7Tl(<S' 1 ) -»• 7Tl(Af max ) -^ ^(Mmax/S 1 ) -5- 0 


Here the dashed map <f> is induced by the commutativity of the diagram and the 
universal property of the quotient group. It follows from an easy diagram chase 
that ker <f = ker Ay 1 o /*. 

Let c : S 1 — > W max /S 1 be an embedding that represents an element of ker <f> and 
does not meet the boundary. Then there is an equivariant embedding c' : S 1 x S 1 —> 
Wmax, where S' 1 acts by rotation on the first factor, such that c = n o c' o i 2 , where 
i 2 : S 1 —> S 1 x S 1 is the inclusion of the second factor and n : W max W max /S 1 is 
the orbit map. Since c € ker 0, there is a map c" : S 1 — > S 1 such that c'o(i 2 *(tioc")) 
is contained in the kernel of /*. Therefore by precomposing c' with 

(s,t) (sc"(t),t) 

we may assume that c , ot 2 G ker C'T 1 °f*- Therefore we can do equivariant surgery on 
c' to construct a new B-bordism W' such that 7 ri {W^^/S 1 ) = (W max /5 1 )/(c), 

where (c) denotes the normal subgroup of ^(Wmax/B 1 ) which is generated by c. 
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Since 7Ti (W max /S 1 ) and 7Ti(M max /5 1 ) are finitely presentable, it follows that 
ker (j> is finitely generated as a normal subgroup of 7 Ti (W max /S 1 ). Therefore af¬ 
ter a finite number of iterations of the above surgery step we may achieve that 
kerzqT 1 o /* = 0. This is equivalent to the fact that 7Ti (M max ) —A 7 ri(W max ) is an 
isomorphism. 

The next step is to make the map 7 r 2 (M ma x) —A 7T 2 (Wmax) surjective. We have 
the following commutative diagram with exact rows. 

0 -7T 2 (M max ) -i- ^(Mmax/S” 1 ) -i- 7Ti (S' 1 ) -^ 7Tl (M ma x) 


0-^ 7 r 2 (W max )-^ 7 r 2 (W max /S' 1 )--^ 7 Ti(W max ) 

It follows from an application of the snake lemma that there is an isomorphism 

7r 2 (Wmax)/7r 2 (M m ax) -A 7T 2 ( W max /S 1 )/lt 2 (M max /S 1 ). 

Let c : S 2 — A W max be a representative of a class in 7 r 2 (W max )/ 7 r 2 (M max ) such 
that 7 r o c is an embedding. Then there is an equivariant embedding d : S 1 x S 2 °-A 
Wmax such that d o l 2 = c. Since i>* : 7 r 2 (M max ) —A n 2 (B) is surjective we may 
assume that /*c = 0. Therefore we can do equivariant surgery on d to construct a 
new B-bordisnr W' such that 

MWLx/S 1 ) = 7 r 2 (W max / 5 1 )/( 7 T*c), 

where ( 7 r*c) denotes the Z[ 7 ri(W / max /S' 1 )]-submodule of 7 r 2 (W max /S' 1 ) which is gen¬ 
erated by 7 r*c. 

Since 7 r 2 (W max )/S ' 1 is a finitely generated Z[ 7 Ti(W max /S' 1 )]-module we get after 
a finite number of repetitions of this step a bordism W' for which 

7 r 2(W'max)/7 r 2(M max ) = 0 . 

This completes the proof. □ 

Remark 5.8. If in the situation of the above lemma M max is spin, then p : B = 
Bni (M rnax ) x BSpin BO and v = / x s : M max —>• B } where p is the composition 
of the projection on the second factor with the natural fibration BSpin —> B0 1 f 
is the classifying map of the universal covering of M max and s is a Spin-structure 
on Mmax, satisfies the assumptions on B. 

If M max is orientable, not spin with universal covering not spin, then p : B = 
Bir-i (M max ) x BSO —> BO and z> = / x s : M max —» B , where p is the composition 
of the projection on the second factor with the natural fibration BSO —> BO, f 
is the classifying map of the universal covering of M max and s is a orientation on 
M max , satisfies the assumptions on B. 

If M max is orientable, not spin with universal covering spin, then it follows that 
w 2 (M max ) = /*(/3) for some (3 <E M 2 (B7Ti(M max ; Z/2Z)). Let F(7Ti(M max ), /3) 
be the pullback of (3 : i?7ri(M max ) —> I3Z/2Z and w 2 : BSO —> B"LI27L. Then 
/ x s : M max —> Biti (Mmax) x BSO as in the previous case lifts to a map v : M ma x —> 
F(7ri(M m ax), (3). If we let p : B = Y(iti(M max ), f3) BO be the composition of 
the natural fibrations Y(iti(M niax ), f3) —A BSO and BSO —A 130, then r and 13 
satisfy the assumptions from the above lemma. 

For more details see [25]. 

Now we can prove the following generalization of Theorem 34 of [Si- 

Theorem 5.9. Let Z be a compact connected oriented S l -bordism between closed 
S 1 -manifolds X and Y. Assume that for all subgroups H C S 1 all components of 
codimension two of Z H are orientable and that the following holds 
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(1) dim Z/S 1 > 6, 

(2) codim Z s > 4, 

(3) There is a B-structure on Z max , whose restriction to Y max induces a two- 
equivalence Y max —> B. 

Then, if X admits an S 1 -invariant metric of positive scalar curvature which is 
normally symmetric in codimension 2, then Y admits an S 1 -invariant metric of 
positive scalar curvature which is normally symmetric in codimension 2 outside a 
tubular neighborhood of Y s . 

Proof. Let dim Z = n + 1. The first step in the proof is to replace the bordism Z 
by a B-bordism Z' between X and Y' such that 

(1) All codimension two strata in Z' meet Y'. 

(2) Y can be constructed from Y' by resolving singular strata. 

By m and Theorem IQ it is sufficient to construct a metric of positive scalar 
curvature which is normally symmetric in codimension 2 on Y'. The construction 
of Z' is as follows. Let F be a codimension 2 singular stratum in Z which does not 
meet Y and C F an orbit. By the slice theorem there is a S'Mnvariant tubular 
neighborhood TV of Q in Z which is S ,1 -equivariantly diffeomorphic to 

S 1 x H (D n ~ 2 x D(W)). 

Then we have dN = S 1 x H ( D n ~ 2 x S(W) U S n ~ 3 x D{W)). Let B c dN be a 
tubular neighborhood of an orbit in S 1 Xh{D 71 2 xS(W)). Then B is equivariantly 
diffeomorphic to S’ 1 x D ra_1 . Since Z max /S 1 is connected, there is an embedding 

* : S 1 x D" _1 x [0,1] -A Z max , 

such that 

s 1 x D n ~ x x {o} c y max 

S 1 x D"- 1 x {1} = B 

S 1 x D^x] 0,1[ CZ-(YUN). 

We set Z' = Z — (TV Uimf). 

As in the proof of Theorem 34 of [T3] one sees that <ffl> and 0 hold. To be more 
precise we have an equivariant diffeomorphism 

Y = {Y' - ftiS 1 x H ( S n ~ 3 x D(W)))) U ftS 1 x S n ~ 3 x D 2 ), 

where ft : S 1 Xh{S u ~ 3 x D(W)) —> Y' and (f : S 1 x S n ~ 3 x D 2 —> Y are equivariant 
embeddings, such that ini((> is contained in an equivariant coordinate chart of Y. 

Since 7ra(Tj) is finitely generated as a Z[7Ti(B)]-module we can assume that imf 
avoids a finite set of embedded two-spheres which are mapped by the .B-structure 
v to the generators of ^(B). Hence, we may assume that 

K '■ tt 2 (B) 

is still surjective. 

But there might be a non-trivial linking sphere S 1 C T^ ax / S 1 of S /S 1 C Y'/S l 
where S C Y' is the singular stratum ft^S 1 Xh ( S n ~ 3 x {0}). This problem can 
be dealt with as in Hanke’s paper by attaching a 2-handle to Z which can be 
canceled by a 3-handle. Therefore the same argument as in Hanke’s paper leads to 
an isomorphism 7Ti (Y 1 ) —> ni (B). 

Now it follows from Lemma [5 . 71 and Theorem 15 of )13j (with the refinement of 
Lemma 15.51) . that Y' admits an invariant metric of positive scalar curvature which 
is normally symmetric in codimension 2. Therefore it follows from Theorem 15.41 
that Y admits such a metric. □ 


S' 1 -EQUIVARIANT BORDISM 


27 


Remark 5.10. Given the other conditions on Z from the above Theorem, the con¬ 
dition codim Z s > 4 cannot be relaxed. This can be seen as follows. Let Y be 
a free simply connected S’ 1 -manifold, whose orbit space does not admit a metric 
of positive scalar curvature. Then Y is necessarily spin and the 5 ll -action is of 
even type. Let Z be the trace of an equivariant surgery on an orbit in M, as in 
Lemma 3.1 of [35]. Then Z is a semi-free .S^-manifold, not spin and has a codimen¬ 
sion two fixed point component which meets the boundary component A' which is 
not equal to Y. By Theorem 2.4 of [35], X admits an invariant metric of positive 
scalar curvature. But Z max is homotopy equivalent to Y and therefore admits a 
Spin-structure. Therefore, by Remark [5^1 all assumptions of Theorem 15.91 except 
the one about the codimension of the fixed point set are satisfied. 

We have the following corollaries to Theorem 15.91 

Corollary 5.11. Let M be a Spin S 1 -manifold of dimension at least six with simply 
connected maximal stratum and without fixed point components of codimension two. 
Then M admits an invariant metric of positive scalar curvature which is normally 
symmetric in codimension 2 if and only if M is equivariantly spin-bordant to a 
manifold M' which admits such a metric and has no fixed point components of 
codimension two, such that the bordism Z between M and M' does not have fixed 
point components of codimension two. 

Proof. Let Z be an equivariant Spin cobordism between M and M' as above. 

Then, by Remark 15.61 all codimension two strata of Z are orientable. Therefore 
the corollary follows from Theorem 15.91 □ 

Corollary 5.12. Let M be a S 1 -manifold of dimension at least six with simply 
connected non-spin maximal stratum and without fixed point components of codi¬ 
mension two such that all singular strata of M are orientable. Then M admits an 
invariant metric of positive scalar curvature which is normally symmetric in codi¬ 
mension 2 if and only if there is an equivariant bordism whose singular strata are 
orientable between M and a manifold M' which admits such a metric and has no 
fixed point components of codimension two. 

Proof. Let Z be a equivariant bordism between M and M'. Then there might be 
codimension two fixed point components in Z. But by assumption they do not 
meet the boundary. Therefore we can cut them out of Z. This construction leads 
to a new bordism Z' between M and M' II M-\ II • • • II M ; c , where the S' 1 acts freely 
on the Mi. After attaching handles of codimension at least 3 to Z', we may assume 
that the Mi/S 1 are simply connected and not spin. Since the Mi/S 1 are not spin, 
it follows from Theorem C of (T that there is an invariant metric of positive scalar 
curvature on each Mi. Hence, the corollary follows from Theorem 15.91 □ 

Note that if the T-manifold M satisfies condition C, then for all closed subgroups 
H C T the fixed point set M H is orientable. 

Lemma 5.13. Let M be a Sq- manifold, where Sq = S 1 , which satisfies condition 
C such that there is a fixed point component F of codimension two. Then there is 
an invariant metric of positive scalar curvature on M which is normally symmetric 
in codimension two. 

Proof. This follows from an inspection of the proof of Theorem 2.4 of [3'5I and 
Lemma 24 of [13]. We use the same notation as in the proof of Theorem 2.4 of [35]. 

Since M satisfies condition C,this also holds for the Sq x S']-manifold Z x D 2 . 
Hence it follows from Lemma 24j of m , that 

d{Z x D 2 ) = SF x D 2 U Z x S 1 , 


1 The proof of this lemma also holds for T-manifolds where T is a torus, instead of S^-manifolds. 
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admits a Sq x S^-invariant metric of positive scalar curvature which is normally 
symmetric in codimension two. 

For H C Sq, we have = ( d{Z x D 2 )) H , where 

p: d(Z X D 2 )M = d{Z X Z? 2 )/diag(S' 0 1 x 5j) 

is the orbit map of the diag(5o x S’|)-action. Hence, it follows from the construction 
in the proof of Theorem 2.2 of ESI that M admits a S^-invariant metric of positive 
scalar curvature which is normally symmetric in codimension two. □ 

Using the above lemma we can prove the following theorem: 

Theorem 5.14. Let M be a connected S 1 -manifold satisfying condition C, such 
that 

7Tl (M max ) = 0 

and M max is not Spin. Moreover, let J C Ll* c S1 be the ideal generated by connected 
manifolds with non-trivial S 1 -actions. If dim M > 6 and [M] £ J 2 , then M admits 
an S 1 -invariant metric of positive scalar curvature. 

Proof. By Theorem 2.4 of [55] we may assume that codim M s > 4. Let Mi, Ni be 
connected manifolds with non-trivial 5 1 -action satisfying Condition C, such that 

[M] = ^[M,x Ni]. 

i 

Since = 0, we may assume that dim , dim W > 2 for all i. Hence, by 

Lemma 3.1 of [35] we may assume that all M.j and Ni have S' 1 -fixed point compo¬ 
nents of codimension two. Therefore by Lemma 15.131 we may assume that Mi x Ni 
admits an S l -invariant metric of positive scalar curvature which is normally sym¬ 
metric in codimension two. Hence the theorem follows from Corollary 15. 121 □ 

6. Normally symmetric metrics are generic 

In this section we prove that under mild conditions on the isotropy groups of the 
singular strata of codimension two in an S' 1 -manifold M, any invariant metric g on 
M can be deformed to a metric which is normally symmetric in codimension two. 
The main result of this section is as follows: 

Theorem 6.1. Let M be an orientable effective S 1 -manifold. Moreover, let g be 
an invariant metric on M. 

If there are no codimension two singular strata with isotropy group Z 2 , then there 
is an invariant metric g' on M which is C 2 -close to g and normally symmetric in 
codimension two. 

Proof. Let N C M be a codimension-two open singular stratum of M. Let U = 
S 1 Xh W x R"~ 3 be a neighborhood of an orbit in N. Here W can be assumed 
to be the standard one-dimensional complex representation of H C S 1 because the 
S' 1 -action on M is effective. 

We pull back g to a metric g on U = S 1 x W x R ra_3 . This metric is S 1 x H- 
invariant. Let 

h : TU ® TU -A- R 

be the Taylor expansion of g in directions tangent to W up to terms of degree two. 
Then h might be thought of as an invariant function on 

{S 1 xW x IT- 3 ) x(W x R n ~ 2 ) x (W x I’* -2 ), 

which is linear in the copies of W x R”~ 2 and a polynomial of degree two in the 
first copy of W. Therefore h can be identified with a map R” -3 —> (( S°W * © 
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S 1 W* © S 2 W*) © R (IT* ©R l"- 2 ) ® R (W* © W n ~ 2 )) H , where SW* denotes the 
i- th symmetric product of W*. There are cq € N, such that 

(( S°W * © S 4 IT* © S 2 W*) © R ((IT* © R™ -2 )) ® R (IT* © © C 

C ((C © (IT* © W) © (IT* © W) ©C ( w* © IT)) ©c ((IT* © W © (n - 2)C) 

©c (IT* © IT© {n-2)C)Y 

= (iT * 04 © IT 04 © a 3 (IT * 03 © W® 3 ) © a 2 (W*® 2 © W® 2 ) 

© ai(W* © W) © a 0 C^ 

Moreover, for H of order greater than 4 and b < 4, we have 

H = (W® b ) sl (W*® b ) H = (ir* 06 ) 51 . 

Hence, it follows that h is invariant under the rotational action of S ' 1 on W if 
the order of H is greater than 4. 

Now we can deform g so that it coincides with h in a neighborhood of S 1 x {0} C 
U. This metric induces a metric on U which is invariant under the rotational action 
of S 1 on W. 

Since N is orientable the rotational action on W extends to an action on a 
neighborhood of N in M with fixed point set N. Therefore we can glue the metrics 
on different neighborhoods of orbits in N. This implies the claim if there are no 
singular strata of codimension two with isotropy group k < 4. 

Now assume that that there is a singular stratum of codimension two with 
isotropy group h 3 . Then we have to show that the projection h of h to (^(tT * 03 © 
W® 3 ) is trivial. This projection is of the following form 

h = a\(u)zdzdz + f3i(u)zdzdz + (u) z 2 dzduj + f3 2 j(u)z 2 dzduj). 

3 

Here z denotes the complex coordinates in W and u denotes the coordinates in 
S 1 x K"- 3 . 

In polar coordinates z = re llp the above expression is equal to 
h = r(ai(u)e l3lp + fii{u)e~' l3 ' p )drdr + r 2 i(ai(u)e 3llp — Pi{u)e~ 3l ' f ’)drdtp 
+ ^2 r 2 (a 2 j(u)e 3lv + /3 2 j(u)e~ 3l(p )drduj 

3 

— r 3 (ai(it)e 3l¥> + f3\ (u)e~ 3l<f> )dipd(p + ^ ir 3 {a 2 j{u)e 3l<p — fd 2 j(u)e~ 3l<p )dg>duj. 

3 

But by the generalized Gauss Lemma m Section 2.4] we may assume that g is 
of the form 

dr dr + h'{u, r, ip), 

where h'(u, r, ip) is a metric on S 1 x R ” -3 x S' 4 . Here S 4 denotes the circle of radius 
r in W. 

Hence, we may assume that a\ = = a 2 j = j3 2 j = 0. Therefore the metric can 

be deformed as in the first case. 

The case of singular strata with isotropy group Z 4 is similar and left to the 
reader. □ 

If M is spin and the S 4 -action on M is of even type then there are no components 
of M Z2 of codimension two in M. Therefore we get the following corollary to the 
above theorem. 
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Corollary 6.2. Let M be a spin S 1 -manifold with an effective action of even type. 
Then M admits an invariant metric of positive scalar curvature if and only if it 
admits an invariant metric of positive scalar curvature which is normally symmetric 
in codimension two. 

7. An obstruction to invariant metrics of positive scalar curvature 

Before we prove existence results for invariant metrics of positive scalar curvature 
on Spin-S' 1 -manifolds, we introduce an obstruction to the existence of such metrics. 
Throughout this section we only deal with Spin-S 1 -manifolds with actions of even 
type. 

Assume that M is such a manifold and that there is no codimension two stratum 
in M and M admits a metric of positive scalar curvature. Let TV be a tubular 
neighborhood of a minimal stratum M H . Then, since codim M H > 4, there is 
an invariant metric of positive scalar curvature on M\ = M — TV which is scaled 
and a connection metric on the boundary of Mi, whose restriction to the fibers of 
dN —> M h is given by a metric which is constructed from the round metric on 
S k by a certain deformation m- Moreover, this metric on Mi is a product metric 
near the boundary. 

We continue this construction in the same manner with M replaced by Mi. Since 
there are only finitely many orbit types in M after a finite number of steps we will 
reach some M k with a free S^-action, such that 

• M k has a metric of positive scalar curvature, 

• the restriction of this metric to a neighborhood of the boundary of M k is a 
product metric, 

• the restriction of this metric to the boundary has positive scalar curvature, 

• the restriction of this metric to an open stratum of dM k is a connection 
metric with fibers isometric to open subsets in deformed spheres. 

By [3 Theorem C], there is a metric of positive scalar curvature on M k /S l . 
Therefore the index of the Dirac-operator on M k /S 1 vanishes. 

If the invariant metric on M does not have positive scalar curvature, we still 
can construct M k and the metric on the boundary of M k is still the same as in 
the above construction. We still have an Dirac-operator on M k /S 1 . Its index is an 
invariant of M^/S 1 together with the metric on its boundary. We define Agi(M) 
to be the index of this Dirac-operator. One easily sees that Agi (M) is an invariant 
of the equivariant spin bordism type of M. 

Now assume that M has strata of codimension two. Then by using the above 
construction we get a manifold M k which has only minimal strata of codimension 
two. Moreover, there is a metric of positive scalar curvature on the boundary. This 
metric on the boundary can be assumed to be normally symmetric in codimension 
two by the discussion in section [6] 

Now we can apply the following desingularization process to get a manifold M k+ i 
with boundary and without codimension two singular strata. It is similar to the 
desingularization process in [H Section 4]. 

Let TV be a codimension two singular stratum in M k ■ Then a neighborhood of 
TV in Mfc is diffeomorphic to a fiber bundle E with fiber S 1 Xjj D(W) and structure 
group S 1 x h SO(W) = S 1 Xh S\ over N/S 1 . Here IT is a one-dimensional unitary 
representation of H which depends on TV. 

The boundary of this neighborhood dE is given by the principal S 1 x# S^-bundle 
P associated to E. 

Now let C S’ 1 x h Si be a circle subgroup with S 1 fl = {!}■ Denote by E' 
the S 1 x Z) 2 -bundle P x s i D 2 where acts by rotation on D 2 . Then E' has the 
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same boundary as E and we define 

Mk +1 = (-Mfe — E) Up E'. 

In this way we can construct a free S'-manifold with boundary Mk+i- 

Note here that Mk+i itself might depend on the choice of S But its orbit space 
Mk+i/S 1 does not depend on this choice. 

Since the constructions in Section 4 of m are mainly local arguments, they also 
hold in our desingularization process. This means that, if M& admits a metric of 
positive scalar curvature which is normally symmetric in codimension two, then 
Mk+\ also admits such a metric. 

In any case we have a metric on Mk+ 1 whose restriction to the boundary has 
positive scalar curvature. Therefore as in the first case we can define Agi ( M ) as the 
index of the Dirac-operator on Mk+i/S 1 . It vanishes if there is an invariant metric 
of positive scalar curvature on M which is normally symmetric in codimension two. 
Moreover, one can see that Agi(M) is an invariant of the equivariant spin bordism 
type of M. 

For semi-free 5 1 -manifolds M, Agi(M) coincides with the index obstruction to 
metrics of positive scalar curvature defined by Lott 523]. 

8. Invariant metrics of positive scalar curvature and a result of 

Atiyah and Hirzebruch 

Now we can complete the proofs of our existence results for invariant metrics of 
positive scalar curvature. These are as follows: 

Theorem 8.1. Let M be a connected effective S 1 -manifold of dimension at least 
six which satisfies Condition C such that 7Ti (M max ) = 0 and M max is not Spin. 
Then the equivariant connected sum of two copies of M admits an invariant metric 
of positive scalar curvature. 

Proof. By Theorem 2.4 of EE we may assume that there is no codimension two 
fixed point component in M. Therefore, by Corollary 15. 121 it is sufficient to show 
that 2 M is equivariantly bordant to a manifold M' which admits an invariant metric 
of positive scalar curvature which is normally symmetric in codimension two such 
that codim M ,s > 4. By Theorem 12.21 there is an equivariant bordism Z which 
satisfies Condition C between M and M' = M\ II M 2 , where M\ is a semi-free 
S' 1 -manifold and M 2 is a S’ 1 -manifold which admits an invariant metric of positive 
scalar curvature which is normally symmetric in codimension two and codim M ,s > 
4. After attaching S' 1 -handles to Z we may assume that all components of M\ are 
simply connected and not Spin. 

Hence, the Theorem follows from Theorem 4.7 of [35]. □ 

Now we turn to the proof of a similar result for Spin-manifolds. 

Theorem 8.2. Let M be a spin S 1 -manifold with dim M > 6, an effective S 1 -action 
of odd type and ni(M max ) = 0. Then there is a k £ N such that the equivariant 
connected sum of 2 k copies of M admits an invariant metric of positive scalar 
curvature which is normally symmetric in codimension two. 

Theorem 8.3. For a spin S 1 -manifold with dimM > 6, an effective S 1 -action of 
even type and iri(M max ) = 0, we have Agi(M) = 0 if and only if there is a k £ N 
such that the equivariant connected sum of 2 k copies of M admits an invariant 
metric of positive scalar curvature which is normally symmetric in codimension 
two. 




32 


MICHAEL WIEMELER 


Proof. By Theorem 13.11 and Lemma 14.11 the connected sum of 2 l copies of M is 
equivariantly bordant to a union M 1 HM 2 , where Mi is a semi-free simply connected 
iS-manifold and M 2 is a 5' 1 -manifold which admits an invariant metric of positive 
scalar curvature which is normally symmetric in codimension two. 

If the 5' 1 -action on M is of even type, we have Agi(M) = 2~ l Agi(Mi/S 1 )- Now 
the theorems follow from Theorems 4.7 and 4.11 of [35]. □ 

As an application of our results we give a new proof of the following result of 
Atiyah and Hirzebruch [2J. 

Theorem 8.4 ([2]). Let M be a spin manifold with a non-trivial action of S 1 . 
Then A(M) vanishes. 

Proof. We may assume that dimM = 4 k and that the S' 1 -act ion is effective. Then 
by Theorem [371] and Lemma ll.il 2 l M is equivariantly spin bordant to a union Mill 
M 2 , where Mi is simply connected and semi-free and M 2 admits an invariant metric 
of positive scalar curvature. By Theorems 4.7 and 4.11 of [35], the obstruction 
Agi(Mi/S 1 ) that 2} Mi admits an invariant metric of positive scalar curvature 
vanishes by dimension reasons. Hence it follows that 2 l+l A(M) = A(2 l Mi) + 
A(2} M 2 ) = 0 . This implies A(M) = 0 . □ 

9. Rigidity of elliptic genera 

In this section we give a proof of the rigidity of elliptic genera. At first we recall 
the definition of an equivariant genus. We follow [23] for this definition. 

A A-genus is a ring homomorphism p : f lf° —> A where A is a C-algebra. For 
such a homomorphism one denotes by 

^) = E^fr u 2 l+leA [M] 

i>0 

the logarithm of p and by <1> G H**(BSO ; A) the total Hirzebruch class associated 
to p. is uniquely determined by the property that for the canonical line bundle 
7 over BS 1 , $(£) is given by 3 _" (m) . 

Then for every oriented manifold M one has 

V[M] = ($(TM), [M]). 

For a compact Lie group G, the G-equivariant genus pc associated to p is defined 
as 

Pg[M]=p^(TM g ) G H**{BG-K). 

Here M is a G-manifold, TMq is the Borel construction of the tangent bundle of 
M. It is a vector bundle over the Borel construction Mq of M. Moreover, p* 
denotes the integration over the fiber in the fibration M —> Mq —> BG. 

It follows from this definition that if H is a closed subgroup of G, then we have 

p H [M] = f*p G [M], 

where / : BH — > BG is the map induced by the inclusion H G. 

Lemma 9.1. Let G = S 1 and M be an oriented G-manifold. Then the equivariant 
genus pc[M) depends only on the G-equivariant bordism type of M. 

Proof. It is sufficient to show that if M = dW is an equivariant boundary, then 
Pg[M ) = 0. Since the homology of BS 1 = CP°° is concentrated in even degrees and 
generated by the fundamental classes of the natural inclusions u n : CP" c —^ CP°°, 
n > 0, it is sufficient to show that 

0 = (p,$(TM G ),[CP"]) l 
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for all n. Now we have 

(p*<fr(TM G ), [C P n }) = (p*$(TM G | CP n), [CP n ]} 

= ($(TM G | CP n), \Mg\cpA) = 0- 

Here the first two equations follow from the properties of p„. Moreover, the last 
equality follows because M g |cp« bounds Wc\cr n ■ This proves the lemma. □ 


A A-genus p is called elliptic if there are S,e £ A such that its logarithm is given 


by 


9(u) = f 
Jo 


dz 


\/l — 25 z 2 + ez 4 


We call an equivariant genus ips 1 of an S' 1 -manifold AT rigid, if </?gi[M] £ 
H**(BS 1 ' 1 A) = A[[u]] is constant in u. The following has been proved by Oclianine 


Theorem 9.2. The elliptic genus of a semi-free Spin-S 1 -manifold is rigid. 

In view of the above lemma and Theorem o it suffices to show the following 
lemma to prove the rigidity of elliptic genera (Theorem II.2p . In an effective T- 
manifold the codimension of the fixed point set is at least 2 dimT. The next lemma 
states that the T-equivariant elliptic genus of an effective T-manifold is constant if 
the codimension of all components of the fixed point set is minimal. 

Lemma 9.3. Let M be an effective Spin-T n -manifold, such that all fixed point 
components have codimension 2 n. Then the T n -equivariant elliptic genera of AT 
are rigid. 

Proof. It suffices to consider the equivariant elliptic genus ipr n {AT) defined in Sec¬ 
tion 2.1 of Ochanine’s paper. 

This is defined as follows: For a lattice W C C and a non-trivial homomorphism 
r : W —> Z 2 there exists a unique meromorphic function ionC such that 

(1) x is odd, 

(2) the poles of x are exactly the points in W; they are all simple and the 
residues of x in w £ W is given by (— l) r ( w ) ) 

(3) for all w £ W we have 

x (u + w) = (_ l) r ( u ')a;('u). 

From this one defines a genus ip such that g{u)~ l is the Taylor expansion of 1/x in 
the point u = 0. 

With this definition, pT n [Al] can be identified with a meromorphic function on 
C n . 

Let F C M be a fixed point component and Ayp,..., X ny p : Z" — > Z the weights 
of the T ra -action on the normal bundle to F. Since the T n - action is effective and 
codim F = 2 n, it follows that 

(A!,p,...,A„,p) 

is an isomorphism. In particular each A i p is surjective. 

As in the proof of Proposition 7 in Ochanine’s paper m one sees that the genus 
{pT n {AT) is a polynomial in x o Xi t F,c and V 0 A,;,_f,c> i = 1,... ,n. Here F C AI T is 
a component of M T ", and A,;.f.c is the linear extension of Ato C". Moreover, y 
is the derivative of x. 

In particular, the poles of ipT n {AT) lie in the union of the following hyperplanes: 

ker A^f.c + ~ 
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with z € W n . Since the singular set of a meromorphic function on C n is empty 
or an analytic set of codimension one, we may assume that the singular set of (px™ 
has a non-empty open intersection with one of the hyperplanes above. 

Since M is spin, the mod two reduction of ^i,F does not depend on the 

component F. It follows from the defining equation ([3]) for x, that a non-empty 
open set in the hyperplane ker X lt F,c is singular for Lpx n - 

But the restriction of <pT n to this hyperplane equals ip T n -1 where T™ -1 is the 
codimension one subtorus of T n which is defined by A^f- Since ip T n-i is a mero¬ 
morphic function on C n_1 , it follows that the intersection of the singular set of (fiT n 
with ker can only be open if it is empty. Therefore (pT n does not have singular 
points. This implies that it is constant. □ 

At the end we want to compare our proof of the rigidity of elliptic genera with 
the proof of Bott-Taubes. The difference between our proof and the proof of 
Bott- Taubes is that they prove that the equivariant universal elliptic genus of an 
Spin-S' 1 -manifold Ad equals some twisted elliptic genus of some auxiliary manifold 
Ad' by using the Lefschetz fixed point formula. Using this fact they can show that 
the equivariant universal elliptic genus of Ad does not have poles. Therefore it may 
be identified with a bounded holomorphic function. Hence, it is constant. 

We use the fact that we only have to prove the theorem for our generators of 
the .S^-equivariant spin bordism ring. For semi-free S-manifolds this has been 
done by Ochanine (24j . by using localization in equivariant cohomology and some 
elementary complex analysis. The proof in the semi-free case is simpler than in 
the non-semi-free case because one sees directly from the fixed point formula that 
the elliptic genus does not have poles. Therefore one does not need the auxiliary 
manifolds in this case. 

So, we only have to show that an ^-equivariant elliptic genus of a generalized 
Bott manifold, which is spin, is constant. We do this by showing that the T- 
equivariant elliptic genera of a generalized Bott manifold M 2n are constant. The 
main new technical observation in the proof of this fact is that Ochanine’s proof 
carries over to the situation where the codimension of the T-fixed point set is 
minimal. 
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